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For the characterization of crack advance in mechanical components and 
specimens under monotonic and fatigue loading, many engineering approaches use the 
assumption that the plastic deformation at the crack tip is isotropic. There are situations 
when this assumption is not correct, and the modeling efforts require additional 
correction factors that account for this simplification. The goal of this work is to study
two cases where the plastic anisotropy at the crack tip is predominant and influences the 
magnitude crack-tip parameters, which in turn determine the amount of crack advance 
under applied loading. At the microstructural level, the small crack issue it is a long-
standing problem in the fatigue community. Most of the small crack models consider that 
the plastic deformation at the crack tip is isotropic. The proposed approached for 









growing in a material that is assigned single crystal plastic properties. The nature of the
plastic deformation of the material at the crack tip in the intra-granular regions could be 
accurately described and used for modeling small crack growth. By employing finite
element analyses for stationary and growing cracks, the main characteristics of the plastic
deformation at the crack tip, such as plastic zone sizes and shapes, crack-tip opening
displacements, crack-tip opening stresses, are quantified and crack growth rates are 
determined. Ultimately, by using this crystal plasticity model calibrated for different 
microstructures, important time and financial resources for real experiments for the study
of small cracks can be spared by employing finite element simulations. At macroscale, it
is widely known that the manufacturing processes for aluminum alloys results in highly
anisotropic microstructures, known as textures. The plastic behavior of these types of 
materials is far from isotropic and even the use of classical anisotropic yield criteria, such 
as that on Hill (Hill, 1950), is far from producing accurate results for describing the 
plastic deformation. Two of these anisotropic yield functions are implemented into finite 
element code ANSYS and stationary cracks are studied in a wide variety of textures. 
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cr yst all o gr a p hi c sli p a n gl e 
pri n ci p al dir e cti o n of str ess 
a nis otr o pi c yi el d f u n cti o n 
a nis otr o pi c yi el d f u n cti o ns 
i nt er m e di ar y yi el d s urf a c e 
pl asti c sli p i n cr e m e nt o n t h e sli p s yst e m α 
e q ui v al e nt pl asti c str ai n 
e q ui v al e nt pl asti c str ai n at s u bst e p n + 1 
L a m e’s c o nst a nt 
S c h mi d f a ct or f or t h e i-t h sli p s yst e ms 
P oiss o n’s r ati o 
a n gl e r e pr es e nti n g t h e gr ai n r ot ati o n 
str ess t e ns or 
mi ni m u m( m a xi m u m) a p pli e d str ess d uri n g a f ati g u e c y cl e 
str ess c o m p o n e nts 
r es ol v e d s h e ar str ess o n t h e sli p s yst e m α 
criti c al s h e ar str ess 
e q ui v al e nt str ess 
tri al str ess at s u bst e p n + 1 
















In understanding fatigue properties of metallic alloys, of outmost importance is 
the precise characterization of the plastic deformation of the material in the vicinity of the 
crack tip. For many of these materials at the macroscopic scale a useful assumption is that
the plastic behavior of the material is isotropic. Consequently, classical plasticity, [1],
based on the von Mises yield criterion and the associative flow rule has been used for a 
quantitative description of amount of plastic deformation at the crack tip. However, there 
are situations when the “isotropy” assumption is far from a precise representation of 
reality. The goal of this work is to study two of these cases (micro- and macroplasticity)
when the isotropy is not valid.  
At the microstructural scale, plastic deformation is localized along slip systems 
(crystallographic planes and directions). The growth of small crack is a long-standing
problem in fatigue research [2-5]. A small crack is a crack that a length in the same order 
of magnitude as the grain diameter, and behaves differently than a long crack, because of 
the local microplasticity.  This behavior can be entirely anisotropic, as such, a description 
based on crystal plasticity can constitute a good approach for treating the crack growth 














aggregate in the microplasticity regime. Characteristics of the small crack growth is 
illustrated in Fig. 1.1 
Figure 1.1 Small crack growth rate (Lankford, [6])
The proposed approach is to use crystal plasticity theory and finite element 












the crack tip, commonly noticed in the small crack growth, principles of crystal plasticity
are applied by allowing plastic deformation to occur only anisotropically along some 
discrete directions, i.e. slip systems, at the crack tip. This approach has the advantage that 
can accurately simulate the plastic deformation conditions at the crack tip, and that can 
account for the variability of the crack tip parameters, such as crack- tip opening stresses 
and crack-tip opening displacements, as well as for the variability in the growth rates of 
small cracks under the same applied stress intensity factor range. Another advantage is 
that the interaction between the growing crack and grain boundaries can be very
accurately simulated and understood.     
At macroscopic scale, highly textured materials exhibit anisotropic plastic 
deformation under applied loading. Texture, or preferential deformation and orientation 
of individual grains that constitute the polycrystalline aggregate, is caused by rolling
process. Consequently, different fracture and fatigue results, depending on the amount of 
anisotropy and the direction of the applied loads with respect to the main orientations of 
the texture are obtained.  
Chapter II presents a literature review of the main aspects that define the small 
fatigue crack behavior in metals. A rationale is presented that shows why crystal 
plasticity can be used for small crack behavior. A small crack definition is presented, 
motivated from a review of previous experimental observations. Based on experimental 













them trying to accurately characterize small crack growth. Some small crack models are 
also reviewed in Chapter II.
Chapter III presents a background of crystal plasticity theory and results from its 
application to the study of stationary cracks in single crystals. A double-slip crystal 
plasticity model is introduced and details of the finite element implementation of this 
model into the commercial finite element code ANSYS implicit are presented. Crack tip 
plastic zones in a middle tension (M(T) – Appendix 1) specimens under crystal plasticity
deformation conditions and different crystal orientations are studied by means of finite 
element analysis (FEA). These results are compared with plastic zones based on elastic
distributions of stresses near the crack tip dominated by the crack tip stress intensity
factor. Finite element results of plastic zone sizes are compared with published finite 
element results and good agreement is obtained, which ensured that the implemented 
model was correct. In this chapter it is also shown that the plastic zone size and shape 
varies considerably depending on the orientation of the crystal with respect to the 
direction of the applied load. Plastic zone sizes and crack tip opening displacements are 
studied for the stationary crack in single crystals as well as for cracks in the vicinity of a 
grain boundary. When the crack tip is located near the grain boundary, the crack tip 
plastic zone is either blocked at the grain boundary or extends into the next grain, 
depending on the orientation of the neighboring grain. If the slip resistance in the second 
grain is increased, the plastic zone is blocked and the crack tip opening displacement 













Chapter IV presents simulations of growing cracks in M(T) specimens. The 
fatigue cracks were grown incrementally in FEA under cyclic loading with constant stress 
amplitude and a load ratio R = σmin/σmax = 0.1. The evolution of the crack tip opening
stresses (due to the plasticity-induced closure mechanism) and the crack tip opening
displacement ranges were monitored for fatigue cracks growing in single grains and 
toward a grain boundary. It was shown that the opening stresses stabilize relatively
rapidly (after 5-15 µm of crack growth) and that the formation of the plastic wake was 
independent of the mesh element size. As the crack approached a grain boundary, the 
plastic zone was deviated in the second grain corresponding to its crystallographic 
orientation. Based on the evolution of the opening stresses, the plastic zone can stop or 
accelerate due to the influence of only the misorientation angle between the two grains. 
As the slip resistance in the second grain is increased, to simulate the difficulty to initiate 
plastic slip in this grain, with the crack tip still located in the first grain, the crack tip 
opening displacement decreases, which means that the crack is intensely blocked in the 
near-boundary region.  
Chapter V presents simulations of a growing small crack in edge crack specimens 
(Appendix 2) under plane strain conditions. The double-slip model is assigned parameters 
that correspond to aluminum alloy AA 7075-T6, and results from the finite element 
analyses are compared with classical experimental small crack data published in the open 
literature. Opening stresses using crystal plasticity theory in FEA are compared with 













on the average match the results from the crystal plasticity theory. This indicates that the
isotropic approach is a good engineering approach, even though it cannot predict 
variability in the opening stresses due to the different orientations of the different grains. 
Crack tip opening displacement (CTOD), defined at 1µm behind the crack tip, from the 
FEA simulations were favorably compared with experimental min and max limits, 
between which measured CTOD have been observed to vary. Based on the crack growth 
rate diagram for long cracks under effective stress intensity factor and on computed 
opening stresses, crack growth rates for small cracks are computed and compared very
well with the experimentally measured small crack growth rates presented in the
literature. The two strip-yield models produce results that are a good engineering
approximation of what could be considered an average crack growth rate, taking into 
account the variability observed in the small crack growth rates data due to the 
randomness of the microstructure. 
Chapter VI presents two macroscopic plasticity yield functions that are employed 
in the study on plastic deformation of textured aluminum alloys. These functions are 
Barlat’s yield functions YLD1991 and YLD2000. These two functions are implemented 
in ANSYS as user plasticity subroutines, and plastic deformation of different textures is 
simulated. Details of the numerical procedure are also presented. Uniaxial stress strain 
curves are computed using ANSYS when the angle between the direction of the load and 
the rolling direction (RD) was the following: 0°, 45° or 90°. The general aspect of these











direction) matched published experimental results, which conferred assurance that the 
numerical implementation was correct. Simulations of the plastic zones at the crack tip in 
an M(T) specimens using different textures are presented. Important differences were 
observed for the plastic zone shape and sizes for different textures and varying angles 
between the applied load and the principal directions of the texture. Crack tip-opening
displacements for the above-mentioned textures were also considered. The CTOD were 
measured at the first node in the finite element mesh behind the crack tip. From FE
simulations was observed that the first node behind the crack tip presents produces 
stabilized values of CTOD with mesh refinement. The possibility of the texture plastic
properties inducing a deviation of the crack growth direction is investigated. Two criteria 
for evaluating the tendency of the crack to deviate into mixed mode crack propagation are 
employed: the principal direction criterion (the direction of the maximum principal 
stress) and the crack tip sliding displacement (CTSD) for nodes behind the crack tip. The 
results show that the texture has little influence on these parameters, with the exception 















Fatigue failures represent a significant fraction of all mechanical failures. A 
fatigue failure of a machine component is characterized by the growth of a crack, usually
from a microstructural defect arising from metallurgical feature situated at or near the 
surface of a machine component. The crack grows up to a critical length, at which the 
machine component will fail in a sudden manner. During the fatigue life, there are 
different stages, when crack nucleation and the behavior of a growing fatigue crack are 
characterized by specific features. The first portion of the fatigue life is the crack 
nucleation stage from microstructural discontinuities. The second is the small crack stage 
when the crack length is 1 to 500 µm in length (Hussain, [7]). The small crack portion of 
the fatigue life is very important since most of fatigue life (50-90%) (McDowell, [8]) is 
spent in this regime, depending on the material and geometry. The goal of the first part of 
this work is to analyze differences between small crack growth and long crack growth.  
When long cracks are analyzed, the behavior of the material ahead of the crack tip
















there are no preferred directions for the plastic deformation. In this case, the plastic 
deformation can be mathematically formulated with the help of classical isotropic 
plasticity represented by the von Mises yield criterion and the associative flow rule. This 
situation significantly differs for a small crack. When the crack length is very small, the
plastic zone ahead of the crack tip is also small and of comparable size with the 
microstructural features, such as grains, inclusion particles, and voids. Within a grain, 
plastic deformation is highly anisotropic and localized on some crystallographic planes 
depending on the lattice type. Applying classical isotropic plasticity models to such 
grains would render the analysis inappropriate, and incapable of capturing the intricate 
behavior of small cracks. In addition to the anisotropy of plastic deformation, another 
factor that influences the variability of small crack growth is the interaction of the crack
tip (plastic zone) with microstructural features, such as grain boundaries, inclusion 
particles, and voids. The contribution of this work is to study anisotropic effects on small 















    
1 0 
2. 2 G e n e r al c o nsi d e r ati o ns a b o ut t h e s m all c r a c k b e h a vi o r 
2. 2. 1 D efi niti o n of a s m all c r a c k i n m et alli c st r u ct u r es 
Mill er [ 2, 3] cl assifi e d f ati g u e cr a c ks i n m et als as t h e f oll o wi n g: mi cr ostr u ct ur all y 
s h ort cr a c ks ( M S C) wit h l e n gt hs of t h e s a m e or d er of m a g nit u d e as m et all ur gi c al
f e at ur es, or t e ns of mi cr o ns; p h ysi c all y s m all cr a c ks ( P S C)  w hi c h ar e cr a c ks t h at gr o w i n
t h e r a n g e of 5 0- 5 0 0 µ m, a n d l o n g cr a c ks w hi c h ar e cr a c ks wit h l e n gt hs gr e at er t h a n 0. 5 
m m a n d w hi c h pr o p a g at e at r el ati v el y l o w er l e v els of str ess a n d f or w hi c h li n e ar el asti c 
fr a ct ur e m e c h a ni cs ( L E F M), or s m all s c al e yi el di n g, pri n ci pl es ar e a p pli c a bl e. 
P e ars o n [ 5] o bs er v e d i n t w o c o m m er ci al al u mi n u m all o ys t h at cr a c ks wit h l e n gt hs 
s m all er t h a n 0. 5 m m gr e w f ast er t h a n l o n g cr a c ks. T h e s e mi n al w or k of P e ars o n st art e d 
t h e gr o wi n g i nt er est i n t h e st u d y of s m all f ati g u e cr a c k gr o wt h i n m et als, as t h e y b e h a v e d 
diff er e ntl y t h a n t h e l o n g cr a c ks. B asi c all y, h e s h o w e d t h e i n c a p a cit y of t h e li n e ar el asti c 
fr a ct ur e m e c h a ni cs ( L E F M) a p pr o a c h t o c orr el at e t h e s m all cr a c k d at a. C o ns e q u e ntl y, 
e n gi n e ers tri e d t o off er e x pl a n ati o ns f or t h eir a n o m al o us gr o wt h. 
Us u all y a s m all cr a c k o c c urs u n d er l ar g e s c al e yi el di n g c o n diti o ns. T h e A S T M 
st a n d ar d E 6 4 7 [ 9] s p e cifi es t h at l ar g e s c al e yi el di n g a p pli es if t h e pl asti c z o n e si z e r p ≥ 
a / 5 0 ( w h er e r p  is t h e r a di us of t h e pl asti c z o n e i n t h e pl a n e of t h e cr a c k, a n d a  is t h e cr a c k 
l e n gt h). If t h e pl asti c z o n e si z e is s m all er t h a n t h e a b o v e v al u e, t h e n L E F M pri n ci pl es ar e 
a p pli c a bl e. T h e wi d el y a c c e pt e d c h ar a ct eri z ati o n [ 4, 8] of a s m all cr a c k i n cl u d es t w o 











at stress intensity factors smaller than the threshold for long cracks. These two facts make 
a prediction of the total fatigue life based solely on the long crack data non-conservative.  
Miller [2,3] explained that the small cracks grow faster, because the similitude with long
cracks is broken. Consequently, the same driving force is no longer applicable in 
explaining small crack growth. The stresses at which the small cracks grow can be near 
the yield strength of the material (usually 75-90% of the yield strength) [2,3]. This leads 
to the invalidation of small scale yielding (SSY) conditions, which the long crack growth 
predictions are based on. Beside the large scale yielding effects, when the crack is small, 
it is extensively affected by microstructural features.  
2.2.2 Experimental accounts of small crack growth 
Many experimental accounts of small crack behavior acknowledge that their 
growth is very different from that of long cracks. Taylor [10] proposed that a demarcation 
between short and long cracks should be a =10d, where d is the grain diameter. As long
as the crack is smaller than 10d, it is dramatically influenced by the microstructure. 
Tokaji et al. [11] reported that when the surface crack is longer than 3d, it is no longer 
influenced by microstructure. Daubler and Thompson [12] consider that a small crack 
changes from stage I to stage II when it is no longer influenced by microstructure, 
because the crack growth was observed not to fluctuate depending on the location of the 
crack tip in different grains. Bolingbroke and King  [13] have shown that for two high










the small cracks had different behaviors. Du Quesnay et al. [14] indicated that a material 
parameter (l0), introduced in 1979 by El Haddad et al. [15] added to the physical crack 
length to modify the stress intensity factor for small crack application only, is not a 
material constant as they first assumed. Actually l0 should be considered as being
dependent also on stress range and minimum stress in the cycle. A very extensive study
of short crack growth in 2024 aluminum alloy has been presented in the AGARD 
(Advisory group for Aerospace research & development) report No. 732 [16]. Newman 
[17] used plasticity-induced closure and nonlinear fracture mechanics to explain small 
crack growth in 2024 aluminum alloy at different load ratios (R = -1, 0.5, and 0). Tanaka 
[18,19] stated that the modeling of crack closure for microstructurally small cracks is far 
from satisfactory. The modeling must include crack deflection occurring when the crack 
passes a grain boundary or when the crack changes its path. Plasticity-induced closure is 
important for small cracks growing from highly stressed notches. K. S. Chan [20-21]
pointed out that it is generally accepted that there are no major differences between the 
mechanisms of propagation of large and small cracks. The same striation pattern is 
observed in both cases, which indicates that the same scientific tools and principles must 
be applied to model the small crack phenomenon. Chan and Lankford [20-22, 23] showed 
that in Al 7075-T6, reduced crack closure does not totally explain the accelerated crack 
growth rates for small cracks. In the analysis of fatigue crack propagation, usually the 
compressive range of the cycle, for negative load ratios, is neglected for the crack growth














to play in diminishing crack closure, but for the early stage of the growth, the closure of a
fatigue crack is in an incipient phase. Pippan [24] has shown that for the initial stages of
fatigue the rate of propagation of a short crack from a sharp notch is independent of the 
mean stress and is a function of the stress range, even when this range is entirely
compressive. Studying the small crack growth in Al 2219-T851, Morris at al. [25-31] and 
James et al. [32, 33] observed that crack closure develops at the early stage of 
propagation, using compliance method. The also found that at R = -1, the microcracks are 
not completely closed at zero load. They concluded that the small crack plastic zone size
is mainly determined by the proximity of grain boundaries. They observed that, in order 
to assess the crack closure, both the crack length and the distance of the crack tip to the 
next grain boundary must be taken into account. Another result of their investigation is 
that in some situations, when multiple cracks are in the near grain boundary region, 
microcracks, in order to “jump” grain boundaries, must coalesce.                                                               
2.3 Theoretical models of small crack propagation 
In addition to the many experiments that have been performed, theoretical models 
have been developed in order to incorporate the particularities of their behavior. In this 
chapter, the original notations of the original cited works have been employed. 
Barenblatt [34] assumed that the material microstructure creates a field of self-
equilibrated (at the macrostructural scale) microstresses. The main characteristics of the










   




c h ar a ct eristi c di m e nsi o n D, or gr ai n di a m et er). T h e a m plit u d e of t h e mi cr ostr ess fi el d 
d e p e n ds u p o n t h e mi cr ostr u ct ur e pr o p erti es a n d t h e r olli n g pr o c ess. T h e mi cr ofi el d wit h 
its c h ar a ct eristi c pr o p erti es i nfl u e n c es t h e str ess i nt e nsit y f a ct or f or s m all cr a c ks; w h e n
t h e cr a c k b e c o m es l ar g e, t h e i nfl u e n c e di mi nis h es u ntil it b e c o m es i nsi g nifi c a nt at l ar g er
s c al es. F or a n is ol at e d s m all cr a c k i n a n i nfi nit e b o d y al o n g a n a xis, X , t h e str ess i nt e nsit y
f a ct or, c o nsi d eri n g t h e fi el d of mi cr ostr ess es is: 
2 l l ∆ P +  ∆ P ⋅ f
K = 1 d x∫0 2  2π l − x 
 ( 2- 1)
w h er e: 
K  = str ess i nt e nsit y f a ct or
l = p h ysi c al cr a c k l e n gt h 
∆ P  =  r e m ot el y a p pli e d str ess,  
∆ P 1 =  a m plit u d e of t h e mi cr ostr ess es fi el d, 
f  =  a p eri o di c, s elf e q uili br at e d f u n cti o n of x/ D 
E x p a n di n g f i n F o uri er s eri es a n d r et ai ni n g t h e first t er m, w hi c h is pr e p o n d er a nt, t h e P aris 
l a w t h at d efi n es t h e cr a c k gr o wt h r at e wit h r es p e ct t o t h e a p pli e d l o a di n g b e c o m es:  
m









∆ P  J (  ) + =  

0
2 ∆ P  D  dt 
w h er e: 
J 0  = B ess el f u n cti o n of or d er 0 






















t = ti m e
T h e l eft h a n d si d e of e q. ( 2. 2) is c all e d t h e mi cr os c o pi c str ess i nt e nsit y f a ct or. T h e 
v ari ati o n of t h e mi cr os c o pi c str ess i nt e nsit y f a ct or c o m p ar e d wit h t h e el asti c str ess 
i nt e nsit y f a ct or is pr es e nt e d i n t h e f oll o wi n g pl ot 
l  ∆ P 2 lπ 




Fi g ur e 2. 1 V ari ati o n of t h e mi cr os c o pi c str ess i nt e nsit y f a ct or  
wit h r es p e ct t o t h e el asti c str ess i nt e nsit y f a ct or 
T his v ari ati o n ill ustr at es t h at s m all cr a c k gr o wt h i n mi cr ostr u ct ur al r e gi m e is 










B ar e n bl att c o nsi d er e d his m o d el a p pli c a bl e t o all e n gi n e eri n g m at eri als. H o w e v er, 
t his m o d el d o es n ot a d dr ess t h e t w o st a g es of t h e s m all cr a c k pr o p a g ati o n, a n d it d o es n ot 
a d dr ess c o m pl et e bl o c k a g e of t h e cr a c ks at gr ai n b o u n d ari es. 
El H a d d a d et al. [ 1 5, 3 5] pr o p os e d a m o d el b as e d o n t h e li n e ar el asti c a n d fr a ct ur e 
m e c h a ni cs s ol uti o n m o difi e d b y a d di n g t o t h e p h ysi c al cr a c k l e n gt h, l, a n eff e cti v e 
p ar a m et er, c all e d t h e eff e cti v e cr a c k l e n gt h ( l0 ). T h e eff e cti v e cr a c k l e n gt h, l0 , is d eri v e d 
fr o m t h e f ati g u e li mit, ∆ σ e , a n d t h e t hr es h ol d str ess i nt e nsit y f a ct or r a n g e, ∆ K t h. T h e 
pr o p os e d r el ati o ns hi p f or t h e el asti c str ess i nt e nsit y f a ct or is t h e f oll o wi n g:  
∆ K =  ∆ S π (l + l0 )  ( 2- 3) 
w h er e: 
∆ S  = a p pli e d n o mi n al str ess r a n g e,  
l =  a ct u al ( p h ysi c al) cr a c k l e n gt h,  
l0  =  m at eri al c o nst a nt. At a v er y s h ort cr a c k l e n gt h w h e n l →  0, t h e str ess r a n g e 
a p pr o a c h es t h e f ati g u e li mit, ∆ σ e , a n d t h e str ess i nt e nsit y f a ct or r a n g e a p pr o a c h es t h e 
t hr es h ol d v al u e, ∆ K t h. S o, t his c a n b e writt e n as: 
∆ K t h = ∆ σ e l0 π  ( 2- 4) 
Fr o m t h e e q u ati o n ( 2- 4) t h e m at eri al c o nst a nt l 0  is: 
2
1  ∆ K t h  =l0 ( 2- 5)
 














Usi n g t h e e q u ati o n ( 2- 5) f or e v er y eff e cti v e cr a c k l e n gt h a t hr es h ol d v al u e of t h e str ess 
r a n g e ∆ σ t h will b e: 
∆ K t h∆ σ t h =  ( 2- 6)
π (l + l0 ) 
E x p eri m e nt al r es ults i n di c at e d a li n e ar d e p e n d e n c e b et w e e n t h e m at eri al c o nst a nt, 
l0 , a n d t h e gr ai n si z e, d . I n t h e El H a d d a d m o d el t h e o v er all i nfl u e n c e of t h e 
mi cr ostr u ct ur e is i n cl u d e d i n t h e l0  t er m; l0 i s a f u n cti o n of mi cr ostr u ct ur e. T h e t w o-st a g e 
pr o p a g ati o n b e h a vi or of t h e s m all cr a c k is n ot a d dr ess e d i n t his m o d el. T h e m o d el als o 
c a n n ot e x pl ai n t h e v ari ati o ns i n t h e cr a c k gr o wt h r at es ( p eri o di c al i n cr e as es a n d d e cr e as es 
d uri n g t h e s m all cr a c k pr o p a g ati o n p eri o d)    
N e w m a n et al. [ 3 6- 4 1] a p pr o a c h e d t h e s m all cr a c k pr o bl e m b y usi n g a c o nti n u u m 
m e c h a ni cs a p pr o a c h. His esti m ati o ns of t h e t ot al f ati g u e li v es w er e b as e d o n t w o t y p es of 
hi g h str e n gt h al u mi n u m all o ys: 2 0 2 4- T 3 a n d 7 0 7 5- T 6. I n t h es e t w o t y p es of m at eri als, 
t h e cr a c ks h a v e b e e n o bs er v e d t o i niti at e at i n cl usi o n p arti cl es or v oi ds. Usi n g c orr e ct e d
str ess i nt e nsit y f a ct ors f or l ar g e s c al e yi el di n g, a n d c o nsi d eri n g pl asti cit y-i n d u c e d cl os ur e 
f or t h e cr a c k pr o p a g ati o n, t ot al f ati g u e li v es w er e c al c ul at e d c o nsi d eri n g o nl y f ati g u e 
cr a c k pr o p a g ati o n fr o m t h e i niti al v oi ds. T h e i niti al v oi ds c o nsi d er e d w er e elli ps oi ds wit h 
t h e mi n or a xis a i = 3µ m  a n d t h e m aj or a xis c i = 9 µ m . 
A pl asti c- z o n e- c orr e ct e d str ess-i nt e nsit y f a ct or is d efi n e d as: 
K p = S π ⋅ d ⋅ F  ( 2- 7) 






         
 
  




d = c + ω / 4  ( 2- 8) 
a n d: 
S = a p pli e d str ess 
F  = b o u n d ar y c orr e cti o n f a ct or, f u n cti o n of t h e g e o m etri c al di m e nsi o ns of t h e    
s p e ci m e n, wi dt h – w , h ei g ht – h , t hi c k n ess – t
c = p h ysi c al cr a c k l e n gt h 
ω  = cl os ur e- c orr e ct e d pl asti c z o n e 
T h e c y cli c- pl asti c- z o n e- c orr e ct e d eff e cti v e str ess-i nt e nsit y f a ct or is: 
(∆ K ) = (S − S o ') π ⋅ d ⋅ F  ( 2- 9)p m a xeff 
w h er e: 
S m a x  =  m a xi m u m a p pli e d str ess,  
S 0 ’ =  cr a c k- o p e ni n g str ess 
T a n a k a et al. [ 4 2, 4 3] m o d el e d t h e s m all cr a c k gr o wt h i n f o ur c as es: ( a) a sli p 
b a n d n ot r e a c hi n g t h e gr ai n b o u n d ar y, ( b) a sli p b a n d bl o c k e d b y t h e gr ai n b o u n d ar y, ( c) a 
sli p b a n d pr o p a g at e d i nt o a n a dj a c e nt gr ai n, a n d  ( d) a n d a sli p b a n d pr o p a g at e d t hr o u g h 
o n e a n d t h e n bl o c k e d b y a s e c o n d ar y gr ai n b o u n d ar y. T h e pr o p a g ati o n r at es f or st a g e I 
a n d st a g e II w er e c o nsi d er e d t o b e pr o p orti o n al wit h t h e r a n g e of t h e ti p dis pl a c e m e nt 
(st a g e I - ∆ C T S D , st a g e II - ∆ C T O D ). T h e c h ar a ct eristi cs of mi cr ostr u ct ur all y s m all 
cr a c ks i n his m o d el w er e t h e f oll o wi n g: ( a) sli p d ef or m ati o n n e ar t h e cr a c k ti p o c c urs 
al o n g cr yst all o gr a p hi c pl a n es u n d er l ess- c o nstr ai n e d c o n diti o ns; ( b) t h e cr a c k ti p sli p 



















i nfl u e n c e d b y t h e cr yst all o gr a p hi c n at ur e of t h e sli p d ef or m ati o n, a n d cr a c ks m a y f oll o w
sli p pl a n es a n d ar e oft e n a c c o m p a ni e d wit h cr a c k d efl e cti o n; ( d) t h e cr a c k ti p r e gi o n is 
u n d er l ar g e s c al e yi el di n g or a n el asti c- pl asti c c o n diti o n, b e c a us e t h e a p pli e d str ess is 
r el ati v el y l ar g e; ( e) t h e a m o u nt of cr a c k cl os ur e is s m all a n d v ari es wit h t h e cr a c k l e n gt h. 
C h a n a n d L a n kf or d [ 2 0, 2 1] ass u m e d t h at t h e p h ysi c all y s m all cr a c k i niti at e d at a n 
i n cl usi o n b as e d o n e x p eri m e nt al d at a fr o m hi g h str e n gt h al u mi n u m all o ys. T h e pl asti c 
str ai n r a n g e at t h e ti p of a s m all cr a c k w as r el at e d t o t h e str ess i nt e nsit y r a n g e i n a f or m of 
a p o w er-l a w: 
∆ ε p = C ∆ K
n  ( 2- 1 1) 
w h er e: 
∆ ε p  = pl asti c str ai n r a n g e
C , n  = m at eri al c o nst a nts 
∆ K  = str ess i nt e nsit y f a ct or r a n g e
N e ar t h e t hr es h ol d str ess i nt e nsit y f a ct or ∆ K t h f or l o n g cr a c ks, t h e cr a c k ti p o p e ni n g
dis pl a c e m e nt ( C T O D ) is l ar g er f or a s m all cr a c k t h a n a l ar g e cr a c k. A s m all cr a c k, b ei n g 
a s urf a c e cr a c k, e x p eri e n c es a pl a n e str ess st at e. O n t h e ot h er h a n d, a l o n g cr a c k t e n ds 
t o w ar d a pl a n e str ai n st at e. C o ns e q u e ntl y, t h e pl asti c str ai n r a n g e f or a s m all cr a c k is
e x p e ct e d t o b e hi g h er. T o a c c o u nt f or gr ai n b o u n d ar y bl o c ki n g of t h e cr a c k ti p, C h a n a n d 





= − k ( )φ D − 2 X 

( 2- 1 2) 
























w h er e: 
D  =  gr ai n di a m et er,  
X  =  dist a n c e fr o m t h e cr a c k ti p t o t h e n e ar est gr ai n b o u n d ar y,  
m  =  m at eri al c o nst a nt, 
k( φ ) =  f u n cti o n w hi c h d e p e n ds o n t h e cr yst all o gr a p hi c ori e nt ati o n of t h e 
n ei g h b ori n g gr ai n. T h e f u n cti o n k( φ ) is e x pr ess e d i n t er ms of t h e r es ol v e d s h e ar str ess es 
i n t h e gr ai n wit h t h e s m all cr a c k ( gr ai n A ) a n d its n ei g h b or ( gr ai n B ) 
Bk ( )φ = 1 − τ  ( 2- 1 3)
τ A 
w h er e: 
τ A (τ B ) =  r es ol v e d s h e ar str ess i n gr ai n A (B ), 
T h e cr a c k gr o wt h r at e ( d a/ d N ) f or mi cr ostr u ct ur all y s m all cr a c ks b e c o m es: 













md a ∆ X ' 

 
 D − 2 X 
 
 
C ( 2- 1 4) 
 
=   
ε
∗d N D 
w h er e: 
ε *  = criti c al pl asti c str ai n at w hi c h t h e cr a c k a d v a n c es 
∆ X’  = cr a c k gr o wt h i n cr e m e nt at t h e criti c al str ai n ε * 
C = m at eri al c o nst a nt 
or, n oti n g t h at 
∆ X ' 
C 
∗














     
2 1 
a n d fi n all y: 
d a 
d N 

















 D − 2 X 
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C h a n [ 2 2] h as d eri v e d a si mil ar r el ati o ns hi p f or t h e r at e of s m all cr a c k gr o wt h b y usi n g a 
c u m ul ati v e pl asti c w or k d e nsit y crit eri o n. T h e diff er e n c e b et w e e n t h e t w o crit eri a is i n 
t h e e x p o n e nt of ∆ K . T h e m o d el d efi n es t h e s m all cr a c k arr est w h e n t h e cr a c k ti p pl asti c
str ai n r a n g e b e c o m es z er o. W h e n  τ B /τ A i s s m all b ut fi nit e, t h e s m all cr a c k is r et ar d e d as
t h e cr a c k a p pr o a c h es a gr ai n b o u n d ar y, b ut a c c el er at es as t h e cr a c k pr o p a g at es a w a y fr o m 
t h e gr ai n b o u n d ar y. 
H o bs o n [ 4 4, 4 5] ass u m e d t h at s m all cr a c k b e h a vi or l asts w hil e t h e cr a c k h as n ot 
p ass e d y et t h e first gr ai n b o u n d ar y. T h e m ai n i nfl u e n c e o n t h e s m all cr a c k gr o wt h is d u e 
t o mi cr ostr u ct ur e, b ut o nl y at t h e l e v el of t h e first gr ai n. T h e cr a c k gr o wt h e q u ati o n 
pr o p os e d b y H o bs o n t o r e pr es e nt s m all cr a c k gr o wt h r at e is:    
d a 1 − α α= C (d − a ) a  ( 2- 1 7)
d N 
1 
w h er e: 
a  = cr a c k l e n gt h
N  = n u m b er of c y cl es  
C 1 , α =  m at eri al c o nst a nts, 















T h e cr a c k b e c o m es arr est e d w h e n d a/ d N  = 0, or d - a  = 0 (t h e cr a c k h as r e a c h e d t h e first
gr ai n b o u n d ar y). H o bs o n pr o p os e d a c orr el ati o n of t h e a b o v e e q u ati o n usi n g e x p eri m e nt al 
cr a c k gr o wt h d at a f or 7 0 7 5- T 6 al u mi n u m all o y, a n d f o u n d t h at t h e “ b est fit ” is 
r e pr es e nt e d b y t h e f oll o wi n g e q u ati o n: 
0. 6d a − 4 − 6 0. 4= 2. 2 2 ⋅1 0 (1 6 . 5 ⋅1 0 − a ) a [m / c y cl e ]  ( 2- 1 8)
d N 
I n or d er t o d es cri b e t h e pr o p a g ati o n of a s m all cr a c k aft er it p ass e d t h e first gr ai n 
b o u n d ar y, H o bs o n us es t h e f oll o wi n g e q u ati o n: 
d a m m 
d N 
= C 2 ((∆ K ) − (∆ K t h ) )  ( 2- 1 9) 
w h er e: 
∆ K  = str ess i nt e nsit y f a ct or r a n g e
∆ K t h = t hr es h ol d str ess i nt e nsit y f a ct or r a n g e 
C 2 , m =  m at eri al c o nst a nts, 
H o bs o n als o fitt e d e q n. ( 2- 1 8) t o e x p eri m e nt al d at a f or l o n g cr a c k gr o wt h r at es a n d 
f o u n d: 
d a − 1 0 2 − 9= 3. 4 8 ⋅1 0 (∆ K ) − 1. 6 8 ⋅1 0 [m / c y cl e ]  ( 2- 2 0)
d N 
C o ns e q u e ntl y, H o bs o n d efi n e d t hr e e z o n es f or t h e t ot al cr a c k gr o wt h lif e: ( a) sh ort cr a c k 
z o n e d efi n e d as t h e r a n g e fr o m t h e i niti al l e n gt h of t h e cr a c k ( 5µ m  = t h e i n cl usi o n si z e) t o 
t h e cr a c k l e n gt h c orr es p o n di n g t o t h e t hr es h ol d str ess i nt e nsit y f a ct or; ( b) t h e i nt er a cti v e













m o m e nt w h e n t hr es h ol d str ess i nt e nsit y f a ct or is e q u al e d t o t h e m o m e nt w h e n t h e cr a c k 
r e a c h es t h e first gr ai n b o u n d ar y), a n d ( c) l o n g cr a c k gr o wt h as fr o m t h e m o m e nt w h e n
t h e first gr ai n b o u n d ar y is p ass e d. 
M c E vil y [ 4 6] ass ert e d t h at t h e br e a k d o w n i n t h e str ess i nt e nsit y f a ct or c orr el ati o n 
of s m all cr a c k gr o wt h w as d u e t o l ar g e s c al e yi el di n g. H e m o difi e d t h e li n e ar el asti c 
a p pr o a c h t o a c c o u nt f or b ot h s m all a n d l ar g e cr a c k b e h a vi or. T h e m ai n m o difi c ati o ns 
p erf or m e d b y M c E vil y w er e: ( a) t h e us e of m at eri al c o nst a nt ρ e , ( b) all o w a n c e f or t h e 
l ar g e-s c al e pl asti cit y eff e cts; ( c) all o w a n c e f or t h e d e v el o p m e nt of cr a c k cl os ur e, a n d ( d) 
i n c or p or ati o n of t h e f ati g u e cr a c k gr o wt h t hr es h ol d. His a p pr o a c h is of a c o nti n u u m 
m e c h a ni cs n at ur e a n d d o es n ot d e al wit h t h e cr a c k arr est at t h e gr ai n b o u n d ar y. S u c h 
arr ests c a n o c c ur als o f or l ar g e cr a c ks a n d h a p p e n at l o w gr o wt h r at es, w h e n str ess 
i nt e nsit y l e v els ar e i ns uffi ci e nt t o o v er c o m e a n i nt erf a ci al b arri er. T h er e is al w a ys a 
pl asti c z o n e at t h e cr a c k ti p of a f ati g u e cr a c k, b ut i n t h e c as e of s m all cr a c k yi el di n g t h e 
d ef or m ati o n al c h ar a ct eristi cs of t h e pl asti c z o n e c a n still b e c h ar a ct eri z e d b y t h e el asti c 
( K- d o mi n at e d) str ess fi el d s urr o u n di n g t h e pl asti c r e gi o n. I n t his c as e L E F M is 
a p pr o pri at e. F or t h e l ar g e s c al e yi el di n g, t h e s urr o u n di n g el asti c str ess fi el d f ails t o 
pr o p erl y d es cri b e t h e d ef or m ati o n of t h e m at eri al at cr a c k ti p. M c E vil y us e d i n t his c as e a 
m o difi e d el asti c a n al ysis. H e st art e ds his a n al ysis wit h Ir wi n’s e q u ati o n: 
π ρ
K = li m k T σ  ( 2- 2 1)
ρ → 0 4 











K  =  str ess i nt e nsit y f a ct or, 
k T  =  str ess c o n c e ntr ati o n f a ct or,  
σ  =  a p pli e d str ess, 
ρ  =  r a di us of t h e str ess r ais er. 
I n t h e c as e of a wi d e s h e et s p e ci m e n l o a d e d i n t e nsi o n tr a ns v ers e t o a c e ntr all y l o c at e d 
cr a c k of l e n gt h 2 a : 
a
k T = 1 + 2  ( 2- 2 2)
ρ 











=li m  1 


 σ π ⋅  ( 2- 2 3)K = a ρ → 0
 
T h e M c E vil y’s a p pr o a c h is t o l et ρ  a p pr o a c h a fi nit e li mit ρ e  i nst e a d of z er o. T h e 
m o difi c ati o n h as n o si g nifi c a nt i nfl u e n c e o n t h e l ar g e cr a c k p ar a m et er. M c E vil y’s 
j ustifi c ati o n f or t his m o difi c ati o n is b as e d o n t hr e e c o nsi d er ati o ns: ( a) t h e f ati g u e cr a c k
ti p is n ot z er o e v e n at mi ni m u m l o a d; ( b) t h e l ar g e pl asti c z o n e t o l e n gt h r ati o r e q uir es t h e 
m o difi c ati o n of L E F M; ( c) t h e str ess r a n g e r e q uir e d t o pr o p a g at e a cr a c k is e xtr e m el y 
s m all. T h e ρ e  v al u e is d et er mi n e d fr o m e x p eri m e nt al r es ults. Wit h t h e a b o v e- pr es e nt e d 










Y ( 2- 2 4)+ a 
4  
e + Y 
  π σπd a 








π ρ ∆ σ −= A ⋅ m a x +a s e c e 






















    
        
2 5 
w h er e, Y  is t h e us u al g e o m etri c f a ct or. Wit h t h es e m o difi c ati o ns t h e s m all cr a c k gr o wt h
r at e b e c o m es:
d a 
= A [∆ K − (1 − e − kl )⋅ K −  ∆ K ]2  ( 2- 2 5)o p m a x efft h
d N 
w h er e: 
A , k  = m at eri al c o nst a nts 
K o p m a x  = m a xi m u m o p e ni n g str ess i nt e nsit y f a ct or 
∆ K efft h = eff e cti v e t hr es h ol d str ess i nt e nsit y f a ct or 
Fi n all y, o n e o bt ai ns t h e s m all cr a c k gr o wt h r at e as 
2   

  )⋅ K −  ∆ K efft h ( 2- 2 6)o p m a x
  
w h er e: 
σ m a x  =  m a xi m u m a p pli e d str ess 
σ y  =  yi el d str e n gt h  
T h e a b o v e e q u ati o n r e pr es e nts t h e M c E vil y’s g e n er al e x pr essi o n a p pli c a bl e t o t h e gr o wt h 
of s m all a n d l ar g e cr a c ks.                                                                          
D e L os Ri os et al. [ 4 7, 4 8] ass u m e d t h at t h e cr a c k gr o wt h r at e of t h e s m all cr a c k 
is pr o p orti o n al t o t h e str e n gt h of t h e sli p b a n d. H e e m p h asi z e d t h at i n s m o ot h s p e ci m e ns 
cr a c ks will i niti at e fr o m a sli p b a n d f or m e d as e xtr usi o n-i ntr usi o ns at t h e s urf a c e of t h e 














µ ⋅ n d bτ =  ( 2- 2 7)
L 
w h er e: 
τ  =  s h e ar str ess 
µ  =  s h e ar m o d ul us 
n d  =  n u m b er of disl o c ati o ns 
b  =  B ur g er v e ct or  
n d b  =  t h e str e n gt h of t h e sli p b a n d 
L = l e n gt h of t h e sli p b a n d 
T h e s h e ar str ess c a n b e e x pr ess e d as a f u n cti o n of t h e fri cti o n al str ess of t h e m at eri al: 
τ = α ⋅τ a p p − τ 0  ( 2- 2 8) 
w h er e: 
α =  ori e nt ati o n f a ct or,  
τ a p p =  a p pli e d s h e ar str ess, 
τ 0 =  i nt er n al fri cti o n al str ess. 
T h e gr o wt h r at e of t h e s m all cr a c k is: 
d a τ ⋅ L 
= f1  ( 2- 2 9)
d N µ 
w h er e: 
f1  = t h e fr a cti o n of disl o c ati o n o n t h e sli p b a n d w hi c h t a k es p art i n t h e pr o c ess of














Aft er a n u m b er of c y cl es, w h e n t h e cr a c k l e n gt h b e c o m es a , t h e l e n gt h of t h e sli p 
b a n d is L – a , s o, t h e cr a c k gr o wt h r at e b e c o m es:
d a τ ⋅ (L − a )
= f1  ( 2- 3 0)
d N µ 
D e L os Ri os et al. [ 4 8] pr o p os e d a n ot h er s m all cr a c k gr o wt h l a w b as e d o n t h e 
i d e a t h at t h e l o c al e n er g y, i. e. t h e e n er g y at t h e sli p b a n d, s h o ul d b e e q u al t o t h e cr a c k 
e xt e nsi o n e n er g y f or cr a c k pr o p a g ati o n. T h e r at e of e n er g y r el e as e d i n a c y cl e, i n or d er t o 
e xt e n d e d t h e cr a c k wit h d a is: 
d U
G =  ( 2- 3 1)
d R 
w h er e: 
U  = dist orti o n al e n er g y
G  = e n er g y r el e as e d r at e.  
R  = l e n gt h of t h e sli p b a n d  
T h e e q u ati o n of t h e cr a c k e xt e nsi o n p er c y cl e c o nsi d er e d is: 
d a 




Pr e vi o usl y, C h a n a n d L a n kf or d i ntr o d u c e d t h e eff e cti v e sli p b a n d l e n gt h, R : 
m




w h er e: 

























φ  =   f u n cti o n r el at e d t o t h e r el ati v e cr yst all o gr a p hi c ori e nt ati o n of t h e t w o    
gr ai ns, 
X  = dist a n c e fr o m t h e cr a c k ti p t o t h e n e xt gr ai n b o u n d ar y.  
φ  c a n b e writt e n i n t er ms of t h e s h e ar str ess i n t h e gr ai ns A  ( w h er e t h e cr a c k ti p is l o c at e d) 
a n d B  ( w h er e t h e cr a c k will pr o p a g at e n e xt)
τ Bφ = 1 −  ( 2- 3 4)
τ A 
w h er e: 




φ  = 0 f or t h e m ost f a v or a bl e ori e nt ati o n of t h e n e xt gr ai n, f or n o bl o c k a g e
i nfl u e n c e of t h e gr ai n b o u n d ar y











(2 π ⋅ a R )0 . 5 φf − ⋅ ( 2- 3 5)= 
 
1
d N D 
2. 4. C o n cl u si o n s o n s m all c r a c k m o d el s 
Fr o m t h e lit er at ur e s ur v e y, s e v er al r e as o ns e xist w h y s m all cr a c ks b e h a v e 
diff er e ntl y t h a n l o n g cr a c ks. T h es e f a ct ors ar e t h e f oll o wi n g: a d diti o n al mi cr o str ess es, 
l ar g e s c al e yi el di n g c o n diti o ns at t h e cr a c k ti p, mi cr ostr u ct ur al i nfl u e n c es, yi el di n g of t h e 








   
29 
models presented previously are essentially (Newman [38-41], El Haddad [15, 35], 
McEvily [46]) of a continuum mechanics nature. Other models (Tanaka [18, 19], Chan 
and Lankford [20, 21], De Los Rios [47, 48]) take into account the influence of the 
microstuctures on the crack growth rate in the form of acceleration and deceleration of 
the small crack at the grain boundaries. In the opinion of the author Tanaka’s model
explains and quantifies in a very satisfactory manner the variability of the crack growth 
rates within grains. Most of the models apply mainly to steels and high strength 
aluminum alloys. There is a lack of FEA simulation in the area of interaction between the


















CRACK TIP PLASTICITY FOR STATIONARY 
MICROSTRUCTURALLY SMALL CRACKS 
USING CRYSTAL PLASTICITY THEORY
3.1 Introduction
The microstructurally small crack is strongly influenced by various 
microstructural features. The growth rate of this type of crack in engineering alloys
varies, depending on the relative position of the near-tip region with respect to grain 
boundaries, inclusion particles, and porosity.   
Since Pearson’s discovery of small crack growth [5] differing from long crack 
growth in two commercial aluminum alloys grew under the same applied stress intensity
factor range, many experiments involving a variety of metals have revealed that 
microstructurally small cracks, in addition to their increased growth rate, are greatly
influenced by the distribution of discrete microstructural features Miller [2, 3].  To 
describe the microstructure influence on small crack growth under cyclic loading, several 
micromechanical models have been proposed, Hussain [7], in which parameters such as 





















grain boundary have been employed. However, none of these models have considered the 
application of crystal plasticity (CP) theory.       
CP theory enables the inhomogeneous nature of plastic deformation in a single 
grain to be simulated. This theory forms the foundation for the development of 
anisotropic constitutive equations governing the plastic deformation in a single grain. CP 
theory has application in the modeling of small features in polycrystalline materials, 
where the features of interest are of the same length scale as the average grain size. Rice 
et al. [49] were the first to apply CP theory to a fracture mechanics problem. They
computed crack tip plastic zones for mode I stationary and growing cracks in single 
grains using a finite element implementation of a visco-plastic relationship incorporating
crystallographic slip. They found subsequent discontinuities in the crack tip stress fields 
for the stationary crack. Gall et al. [50, 51] also studied the crack tip plastic zone for 
microstructurally small cracks in a single grain using CP theory. As the two angles that
define the orientation of the active crystallographic slip were varied, they observed 
significant deviations in the crack tip plastic zones sizes when compared with the
isotropic case. They performed cyclic analyses for cracks growing in a single crystal and 
documented crack opening stresses that varied as the two defining angles were varied.   
The aforementioned studies considered cracks in a single grain. Bennett and 
McDowell [52] studied the effects of polycrystalline orientation on the mixed-mode
























extended into the adjacent grain. The cracks analyzed were monotonically loaded, and the 
study revealed that the orientation of the neighboring grain plays a key role in 
determining the crack tip opening and sliding displacements.  
In this chapter, stationary cracks in one and two grains were analyzed to quantify
the influence of the grain boundary on the crack tip plastic zone and the CTOD. For the 
multiple grain effort, both the crack tip plastic zone and the physical crack tip were
permitted to cross the grain boundary. Crack tip plastic zone sizes and crack tip opening
displacements (CTOD) for stationary microstructurally small cracks are calculated using
the finite element method. To simulate the plastic deformation occurring at the crack tip, 
a two-dimensional small strain constitutive relationship from single crystal plasticity
theory is implemented in the finite element code ANSYS as a user-defined plasticity
subroutine. Small cracks are modeled in both single grains and multiple grains, and 
different crystallographic conditions are considered. The computed plastic zone sizes and 
CTOD are compared with those found using conventional isotropic plasticity theory, and 
significant differences are observed. 
3.2 Single crystal plasticity theory background
The continuum mechanics description of strain localization in single crystals has 
been developed by Hill [53] , Hill and Rice [54] and Asaro [55-57]. A good overview of 





























plastic straining that occurs along discrete planes within the crystallographic lattice under 
loading. The plastic deformation can be assumed to occur along two slip systems, a 
primary system and a conjugate system. The directions of the plastic slip in the crack tip 
region under plane strain may be represented by the double slip system illustrated in 
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For a FCC crystal the planes with maximum atomic density on which the
crystallographic slip occurs are the octahedral planes (111), represented shaded in Figure 
3.2. Each of the slip systems at the crack tip represents the intersection of an octahedral 
plane on which the slip occurs with the plane that constitutes the 2D representation of the
cracked geometry as illustrated in Figure 3.2. The angle between each slip system and the 
vertical axis is denoted as the slip angle φ. Because the grains in a polycrystalline 
material are initially randomly oriented, the relative position of the crack with respect to 
the lattice will vary as φ varies. 
Figure 3.2a and 3.2b indicate possible orientations for the crack with respect to 
the lattice. The lattice is aligned with the system of coordinates so the three axes
correspond to the [100], [010] and [001] directions. Corresponding to different 
orientations of the crack growth direction with respect to the lattice, the slip systems at
the crack tip can be positioned with different φ. For example, Figure 3.2a illustrates a 
crack aligned with the [110] direction. The vertical plane (101) that is the 2-D 
representation of the cracked geometry will intersect the octahedral planes (111) along
two lines located at 35.5° with respect to the vertical axis. When the crack is growing in 
the [100] direction as shown in Figure 3.2b the intersection of (001) vertical plane with 
the octahedral planes (111) is at 45° with respect to the vertical axis. If the crack direction 
is between [110] and [100] directions, then the intersection of the vertical plane with the 
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angle was allowed to vary with 30° ≤ φ ≤ 45°, because during plastic deformation the slip 
lines active at the crack tip will sustain some finite rotation with respect to the direction 
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To every slip system, a pair of vectors s(i) and m(i), with i = 1,2 are attached as 
shown in Figure 3.1a. Due to the arbitrary orientation of the grain with respect to the 
load, the double-slip system may be rotated with respect to the general system of 
coordinates and the direction of the load. The rotation angle is denoted ψ, and the rotated 
slip system is represented in Figure 3.1b. The angles φ and ψ completely define the
orientation of the discrete slip planes. 
The elastic stress–strain response of the crystalline lattice is assumed to be 
unaffected by the plastic slip that occurs along the crystallographic directions. Let Ce
denote the 4th order elastic stiffness tensor. The elasticity tensor is considered isotropic 
and homogeneous. This assumption was made also by Tanaka [18], Asaro [55-57] and is 
based on the idea that the elasticity does not play a significant role in determining the
plastic deformation near the crack tip. For the present study the crystal elasticity was 
assumed isotropic such that 
eC ijkl = G(δ δ +δ δ )+ λδ δ  (3.1)ik jl il jk ij kl 
where:
G = shear modulus, 
λ  = Lame’s constant,  
δ = Kronecker delta function 




















In the small strain formulation, the incremental elastic stress-strain response of the 
crystalline lattice is the following: 
• 
σ = C e : D∗  (3.2)
~ ~ ~ 
If the lattice sustains plastic deformation, the stress-strain response will be
• 
C epσ = : D  (3.3)
~ ~ ~ 
where:
• 
σ = stress rate, 
~ 
D* =  elastic deformation rate,  
D =  total deformation rate,  
Cep =  elastic-plastic stiffness matrix.  
• ( )β 
Additionally, we assume that the plastic slip rate γ for a given slip system is given by
( )the rate of change of the resolved shear stressτ α  with 
• ( )  2 • ( )( )α ( )  τ
α
= d (m ⋅σ ⋅ s )= h γ β  (3.4)α ∑ αβdt ~ β =1 
where: α,β = 1,2 
The hardening matrix hαβ is defined as 




















     







The main diagonal represents self hardening, wherein the plastic slip along a slip system
causes hardening of that particular system. The second diagonal represents latent 
hardening, wherein the plastic slip on the primary slip system induces hardening on the 
conjugate slip system.  
To determine Cep, the plastic deformation rate is found by subtracting the elastic 
deformation rate from the total deformation rate. Following this procedure, the elastic-




















( )α ( )β ( )α ( )βC ep = C e − ⊗ (3.6)hαβ + C C C
e e : e :: :∑∑  p p p p~ ~ ~ ~ ~ α= β ~ ~ ~ ~1 =1 
Where, for the two slip systems the following tensors may be defined as Schmid (Meyers, 
[59]) tensors 
(1) 1 ∗ (1) ∗ (1) ∗ (1) ∗ (1) (2) 1 ∗ (2) ∗ (2) ∗ (2) ∗ (2)p = (s m + m s ) p = (s m + m s )  (3.7)
~ ~ ~ ~ ~ ~ ~ ~ ~ 2 ~ 2 
For the double slip configuration shown in Figure 3.1, the Schmid tensors are 








cos2ϕ sin 2ϕ cos 2ϕ sin 2ϕ−2 2~ ~ 
For additional details regarding the derivation of the Cep matrix, more information can be























3.3 Finite element implementation of 2-D plane strain rate   
          independent crystal plasticity
The finite element code ANSYS was used to implement a rate independent 
constitutive relationship from single crystal plasticity theory. The increments in strains at
the end of each load substep were determined from the consistency condition and the 
elastic-plastic stiffness matrix defined in (3.6). To update the strains in the user-defined 
plasticity subroutine, two additional slip directions were introduced, as pictured in Figure 
3.1b. This follows the procedure discussed by Miehe and Schroder [60], and ensures 
positive increments in plastic slip. The Schmid tensors for these two additional slip 
systems 3 and 4 are 







cos 2ϕ sin 2ϕ cos 2ϕ sin 2ϕ2 − 2 − −~ ~ 
The critical resolved shear stress at which plastic slip is initiated is τcr. The yielding
criterion is given by Schmid’s rule, which states that yielding occurs on a certain slip 
( )system α (= 1,2,3, or 4) when the resolved shear stress τ α  is greater than the critical
value: 
( )  ( )τ α ≥ τ  or σ : p α ≥ τ  (3.10)cr cr ~ ~ 
Due to the hardening process, the instantaneous resistance to plastic slip will change. If

















   




calculated plastic slip increment is γ ,with γ = γ dt , then the slip resistance at time nn n n 
+ 1 will be
k
( )α ( )  βα ( )  gn+1 = gn +∑hαβ γ n  (3.11) 
β =1 
where: k = the number of active slip systems at time n + 1. The scheme for updating the 
strains follows the procedure presented by Anand and Kothary [61]: 
p pStep1. Given {ε ,ε , g } where ε is the total strain and ε n is the plastic strain from the n-n n 
th substep, compute 
ε tr = ε −ε p  trial strain (3.12)
~ ~ ~ n 
C e trσ = : ε  trial stress (3.13)
~ ~ ~ 
( )α ( )τ = σ : p α  trial shear stresses (3.14)
~ ~ ~ 
( )α ( )f = τ α −τ       trial yield functions  (3.15)cr 
Step 2. If f (α) < 0 for all α then no plastic deformation occurred and the substep is entirely
elastic. Update the state variables and exit.
Step3. From all the slip systems, define the set of potentially active slip systems 
{ ( )αApot = α f ≥ 0}  (3.16) 
The potentially active slip systems at the beginning of the time substep are those for 






















Step 4. For the systems considered potentially active, calculate the plastic slip increments
from the consistency condition 
e tr p (α ) (α )C : (ε − ε ): p − g = 0  (3.17)n+1 ~ ~ ~ n+1 ~ 













(β ) (α ) − (α )β ) γ (α )tr (−e ε γ τ 
 
C hαβ 0  (3.18) 
 
+ +: :∑ ∑p p g = cr n ~ ~ 








β (α ) (α )( )γ (β (α )= τ τC hαβ − − (3.19)e +: :∑ p p gncr 
β∈Apot ~ ~ 
In the above system of equations, the unknown quantities are the slip increments for the 
( )potentially active slip systems γ β . Solving the above system of equations, one obtains 
the slip increments for the potentially active slip systems. For all other slip systems, the
increments in plastic slip are zero.  
( )Step 5. If some of the increments found previously are negative (γ α < 0 for some α ∈
Apot) then these slip systems are inactive. Drop these slip systems from the set Apot and 
return to Step 4. 
Step 6. After finding the slip increments for the active slip systems active at Step 5, 
recalculate the slip resistances for each slip system and monitor the inactive slip systems 



























some of the inactive slip systems, those systems are included in the set of potentially
active slip systems Apot and the slip increments are recalculated again going back to Step 
4.
Step 7. Update the strains 
p p αε = ε +∑γ α p  (3.20)~ n+1 ~ n ~α 
The updated elastic-plastic stiffness matrix then follows from eqn. (3.6), with α and β
summed over the set of active slip systems.  
3.4    Crack tip plastic zone  
3.4.1 Verification
To illustrate the application of crystal plasticity theory to fracture mechanics, the
plane strain crack tip plastic zone will first be analytically approximated. Consider the
elastic distribution of the stresses around a crack tip under mode 1 loading (Figure 3.3a) 
KI θ θ 3θ σ = cos 1− sin sin  (3-21)x  2πr 2  2 2  
KI θ  θ 3θ σ y = cos 1+ sin sin  (3-22) 2πr 2  2 2  

























KI = mode I stress intensity factor
When the crack resides in a single grain, two slip systems may be activated at the crack 
tip as pictured in the Figure 3.1. The yield surface is written as: 
( ( )1 )( ( )2f (σ ) = τ −τ τ −τ )= 0  (3-24)cr cr ~
 where:
( )1 ( )1 ( )2 ( )2τ = σ : p  and τ = σ : p  (3-25)
~ ~ ~ ~ 
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Considering the situation as pictured in Figure 3.1a, where the slip systems are non-
rotated with respect to the system of coordinates and the direction of the load, the



















( )2 2nd slip system  τ θ 2φ (3.27)−sin= cos 
2 
KI = stress intensity factor for mode I crack loading
r, θ = polar coordinates 
Introducing these expressions into eqn. (3.24), the following expressions for the plastic 
zones at the crack tip result





( ) ( )1 θ 2 2 1st slip system  θ 2φsin (3.28)+r = cos2 28 πτ cr 





( ) ( )2 θ 2nd slip system  2 2θ 2φsin − (3.29)r = cos2 28π τ cr 
For comparison, the configuration of the plastic zone in the isotropic case, based on the 
von Mises yield criterion, is presented below 
























Y = yield strength of the material 
ν = Poisson’s ratio 
Figures 3.3b-d depict a comparison of the plastic zones. Within each lobe one slip
system will be activated according to the labels attached. From the analytical solution it is 
evident that in the immediate proximity of the crack tip, where the stresses are high and 
plastic strains are very intense, both slip systems are activated. Away from the crack tip, 
where the magnitude of the stresses is smaller, there will be zones where only one of the
slip systems is activated, either the primary or the conjugate slip system. To compare the 
crystal plasticity results with results obtained using conventional plasticity theory, it is 
assumed that yielding occurs at the same remotely applied tensile stress. From a simple
stress transformation, the relationship between the yield strength Y and the critical
resolved shear stress τcr becomes the following
τ = 1 Y sin 2φ  (3.31)cr 2 
From Figure 3.3, as the slip angle φ is changed from 30° to 45°, the size and orientation 
of the crack tip plastic zone changes. For φ = 30°, the magnitude of the plastic zone in the
direction of its maximum extension is considerably larger than that for the plastic zone in 
the isotropic case. For φ = 45°, the plastic zone at the crack tip becomes of comparable




























maximum plastic zone is approximately 75° from the crack line for a slip angle of φ = 
30°, and 69°for φ = 45°. A notable feature is that near the crack tip, due to the intense 
stresses, double-slip yielding is present. Away from the crack tip, single-slip yielding
occurs on either the primary or conjugate slip system. This has been confirmed by
experimental observations of growing cracks by Neumann [62]. 
Finite element analyses were performed to verify the analytical calculations. The 
finite element analyses considered an MT specimen under Mode I loading, with a typical 




















































The constants were approximately equal to those utilized by Gall et al. [50,51] 
with E = 200 GPa, ν = 0.3, τcr = 248 MPa, h1 = 28 MPa and h2 = 0, and represent material 
properties of copper single crystals. The double-slip model can be used for both FCC and 
BCC crystals, and the properties can be selected to represent particular materials. The 
results are presented normalized and, consequently they can be also used for other 
materials. The specimen dimensions were w = 10 mm and h = 10 mm. The crack size was 
a/w = 0.1. 
Mode I loading was considered because, as a small crack initially grows through 
one or several grains, it changes the mode of propagation, from Mode II (Stage I of 
fatigue crack growth) to Mode I (Stage II of fatigue crack growth). After the fatigue crack
has passed through these first few grains, it will still grow being influenced by a
microstructural feature for a distance of at least a few grain diameters. This study is
concerned with modeling the plastic deformation near the crack tip for a Mode I (Stage
II) crack that has passed at least one grain boundary.  
Comparisons between the analytical results and the FEA results are shown in
Figure 3.5, and it may be observed that the results match well when the applied stresses 
are low. When the stresses are higher, deviations occur due to the large-scale 
redistribution of stresses caused by yielding, which is not accounted for in the analytical 



















   
  
   
 




applied stress σ, the subsequent resolved shear stress on the most heavily stressed slip 
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(b) Small scale yielding
Figure 3.5 Comparison between analytical and  
FEA calculation of crack tip plastic zones 
The plastic zones computed using the finite element analyses were also compared 
with the CP results presented by Gall et al. [50] and good agreement was obtained, as 
























































Gall et. al. (1996) 
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Figure 3.6 Comparison of the plastic zone magnitudes 
3.4.2. Crack tip plastic zone in a single grain
Plastic zones in single grains were determined using various slip angles φ and 
rotation angles ψ. Figures 3.7a. and 3.7b. illustrate results using two different slip angles
φ = 30° and φ = 45° with τ/τcr = 0.5. Figure 3.7c. indicates the variation of the plastic 


























zone changes as the slip angle φ changes. In the contour plots presented, the equivalent 
plastic strain is plotted with this strain defined as the sum of the accumulated plastic slip
for all the active slip systems: 
γ eq = ∑ γ i  (3.32) 
i∈Aact 
This definition of the equivalent plastic strain follows that used by Rice et al. [49]. For 
comparison the isotropic case is also presented in Figure 3.7c. From this plot it can be 
observed that for low applied stress levels, the magnitude of the maximum extent of the 
plastic zone is comparable, while for larger stresses the magnitude of the plastic zone
differs significantly as the crystallographic slip angle changes. When the grain is rotated 
with respect to the load direction, different sizes and shapes for the plastic zone were 
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Figure 3.7 Effect of slip angle φ on the crack  















































ψ = 0 o 
ψ = 5 o 
ψ = 15 o 
ψ = 45 o 
φ = 30 o 
0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  





τ/τcr = 0.5 
(d) Plastic zone size variation 














         
 








(a) ψ = 10°  (b) ψ = 20°  (c) ψ = 30°
(d) ψ = 50°  (e) ψ = 60°  (f) ψ = 70°
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Figure 3.9 Effect of slip system rotation on the crack tip plastic zone, φ = 30°, τ/τcr = 0.3. 
























From these results, for a crack within a grain with a specific slip angle φ and 
stress intensity factor, the grain rotation ψ was shown to dramatically change the size and 
shape of the crack tip plastic zone. This implies that the grain boundaries are not the only
feature causing variability in small crack growth, and that the specific crystallographic
parameters of individual grains are also of importance. As shown in Figure 3.9, for τ/τcr = 
0.3 a variation in the plastic zone magnitude of approximately 2 is obtained as ψ varies 
from 0 to 60°. The orientation for the maximum extension of the plastic zone varies from 
the vertical position to approximately 45° with respect to the vertical axis.  
3.4.3 Crack tip near a two-grain interface
It has been previously observed in experimental studies by Morris et al. [25, 26, 
29] that as a crack approaches a grain boundary, the plastic zone ahead of the crack tip 
becomes blocked by the different orientation of the crystalline lattice in the next grain. 
For the present study, a stationary crack that extends over an entire grain with a/D = 0.8, 
where 2D is the grain size, was considered. The stress level was varied so that the plastic
zone at the crack tip was extended both to the grain boundary and into the next grain. The 
crystallographic angles in the second grain were changed with respect to the first grain 
from which the crack originated. 
Figure 3.10 presents results for a crack that originated in a grain with a slip angle 


































in resolved shear stresses τ < 0.45τcr, the crack tip plastic zone remained confined within 
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            Boundary
ψ1 = 0° ψ2 = 45°
(a) τ/τcr = 0.45 (b) τ/τcr = 0.50 (c) τ/τcr = 0.55 
(d) τ/τcr = 0.7 (e) τ/τcr = 0.75 (f) τ/τcr = 0.8 





Figure 3.10 Crack tip plastic zone development at  
an interface between two grains. 
φ1 = φ2 = 30°, ψ1 = 0°, ψ2 = 45°, τcr2/τcr1 = 1 
As τ → 0.55τcr, the plastic zone extended to the grain boundary but did not 































plastic zone penetrated into the second grain. With the second grain rotated 45° with 
respect to the first grain, it was observed that the plastic zone shape was altered by the 
different orientation of the second grain. Figure 3.11 gives results from a similar 
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(d) τ/τcr = 0.75 (d) τ/τcr = 0.8 
Figure 3.11 Crack tip plastic zone development at  
an interface between two grains. 























The plastic zone in the second grain can be seen to be significantly deviated. The 
shape change in the plastic zone at the grain boundary is a consequence of the step 
change in the crystallographic orientation. The results given in Figures.3.10 and 3.11 are 
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Figure 3.12 Variation of crack tip plastic zone  
at a two-grain interface 
For all the analyses discussed thus far, the slip resistance in the second grain was 

























effect of the grain boundary on plastic deformation is assumed to be properly simulated 
by considering a step change in crystallographic orientation alone. A more realistic
situation may be one in which the slip resistance in the second grain is increased to 
acknowledge an increased blockage effect from the grain boundary with (τcr)2 > (τcr)1. 
When the plastic zone reaches the grain boundary, the dislocations pile-up at this 
interface. The plastic slip that is initiated in the adjacent grain is a function of the stress 
concentration induced at the grain boundary. The initiation of plastic slip is independent 
of the specific crystallographic change at the grain boundary. For the present simulations, 
in order to reflect the difficulty to initiate slip in the adjacent grain, the strength 
differential between the two grains has been introduced. An additional issue that has not 
been considered here is a potential gradient in τcr near the grain boundary.  
Figures. 3.13a and 3.13b show that the plastic zones will be increasingly blocked 
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Figure 3.13 Variation of crack tip plastic zone plastic zone at a two-grain  






















3.5 Crack-tip opening displacement
Crack tip opening displacements (CTOD) were computed for a crack tip in a 
single grain as well as for a crack tip that is located near a grain boundary. The CTOD 
was defined as the vertical displacement of the node in the mesh located at a distance 
a/40 behind the crack tip, where 2a is the total crack length. When modeling a crack of
varying length near a grain boundary, the CTOD was defined as the vertical displacement 
for the node located at a distance D/40 behind the crack tip, where 2D is the grain 
diameter. Mesh refinement studies were performed to ensure that the CTOD values 
obtained were not influenced by the mesh used. Any crack tip sliding displacements
(CTSD) induced by a non-symmetric crack tip plastic zone were not investigated. These 
sliding displacements were assumed negligible in comparison to the opening
displacements.    
 Figure 3.14 illustrates the variation of CTOD for a crack located in a single grain 
with φ = 30°. The angle ψ was varied from 0 to 90°. The applied stress was chosen such 
that when φ = 30° and ψ = 0°, a shear stress on the active slip system of τ/τcr = 0.3 was 
generated. By varying the angle ψ and maintaining a constant applied stress, varying
levels of plastic deformation at the crack tip were created under the same applied stress 
intensity factor. For an orientation of ψ = 30° the CTOD is maximum. Conversely, when 
ψ = 90° the computed CTOD value reached a minimum value. A notable feature is that at























comparison, results from an elastic finite element analysis have been included in Figure 
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Figure 3.14 CTOD for a crack in a rotated single grain 
When the crack tip is located at the grain boundary and the crystallographic 
parameters in the second grain are changed, the influence of the relative grain orientation 

























and ψ = 0° , while the second grain was assigned a slip angle of φ = 30° and ψ was then 
varied from 0° to 90° . The subsequent CTOD values computed are shown in Figure 3.15. 
Three second grain slip resistances were chosen with τ cr2/τ cr1 = 1.25, 1.5 and 2.0. When 
the angle ψ was varied from 0° to 90° , the CTOD varies for all ratios of slip resistances. 
If the slip resistance in the second grain increases with respect to the first grain, the 
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Figure 3.15. CTOD for a crack tip located  



























The grain boundary blockage effect also occurs when the crack tip is not located 
exactly at the grain boundary. Figure 3.16a gives results for a crack tip that is near a grain 
boundary. In this simulation, the first grain was given φ = 30° and ψ = 0° while the
second grain was given a constant slip angle of φ = 30°. The angle ψ was varied with 45°, 
60° and 80°. From Figure 3.16a it can be observed that when the crack tip is sufficiently
far from the grain boundary (a/D << 1), the crystallographic parameters of the second 
grain do not influence the CTOD of the crack. When the crack tip was near to the grain 
boundary (a/D ≅ 1), so that the plastic zone ahead of the crack tip extended into the next
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(a) φ = 30°
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(b) φ = 45° 




















As the crack tip was located closer to the grain boundary, the CTOD decreased 
continuously and eventually reached a minimum value at (or near) the grain boundary. 
When the crack tip was located in the second grain (a/D > 1) the CTOD increased 
linearly with crack length. A similar discussion is applicable when the slip angle in both 
grains is φ = 45° as shown in Figure 3.16b. The CTOD increased smoothly until the 
plastic zone reached the grain boundary. The CTOD then decreased to a minimum value 
when the crack tip reached the grain boundary.  
3.6 Conclusions
This chapter has demonstrated the impact of microstructural parameters and 
features on fracture mechanics parameters. As the two crystallographic angles φ and ψ
were assigned different values, the plastic zone size ahead of the crack tip and the CTOD 
changed significantly. Moreover, the shape and the orientation of the maximum extension 
of the plastic zone were greatly influenced by these crystallographic angles. Grain 
boundaries showed a tendency to reduce the crack tip plastic zone and CTOD. The extent 
of the plastic zone in a neighboring grain was deviated when the orientation of the grain 
was altered and also when the slip resistance in the neighboring grain was varied. The 
results indicate that, when a crack is small and the plastic behavior of the material at the 
crack tip is anisotropic in nature, crack tip fracture mechanics parameters vary which may























different types of microstructures. To further investigate this issue, finite element 
simulations considering a growing fatigue crack will be required, allowing the influence
















MODELING OF MICROSTRUCTURALLY SMALL 
FATIGUE CRACKS IN M(T) SPECIMENS
4.1 Introduction 
The influence of microstructural features on small fatigue crack growth is 
complex. The numerous theoretical models for small cracks proposed by different 
researchers and discussed in Chapter II incorporate the effect of microstructural features 
such as grain boundaries, inclusion particles, and voids. For simplicity, these models 
characterize the inelastic deformation at the crack tip using classical plasticity theory and 
thus consider only homogeneous deformation and isotropic behavior. However, when the 
crack is small and of comparable length with the grain size, these assumptions are 
unrealistic as the crack tip plastic zone is embedded in a grain or a few grains, which are 
regions with a plastic behavior that is strongly anisotropic and the deformation is highly
nonhomogeneous.  In order to avoid the restrictions of assuming isotropic plasticity, 
crystal plasticity (CP) theory may be employed.  
Researchers have acknowledged the potential of the constitutive relationships of 


















stage. In this chapter results from finite element simulations of small fatigue cracks are
presented, using crystal plasticity theory to describe the deformation behavior near the 
crack tip. The rate independent small strain formulation from crystal plasticity theory was 
implemented in the finite element code ANSYS 6.1 as a user-defined plasticity
subroutine and the computational details are discussed in Chapter III. Constant amplitude 
loads were applied with a load ratio of R = 0.3. Crack opening stresses and crack tip 
opening displacement ranges were simulated as the crack grew in a single grain, as well
as when the crack grew toward a grain boundary. Crack growth in single grains indicated 
that stabilization of the crack opening stresses occurred relatively rapidly (5 to 10 µm of 
crack growth). Studies of crack growth toward a grain boundary revealed that, depending
on the orientation of the adjacent grain, the crack growth rate is significantly affected by
the crystallographic parameters of the two grains. If the angle of misorientation between 
the two adjacent grains is small, the neighboring grain can increase the growth rate near 
the grain boundary. If the misorientation angle is high, the fatigue crack growth rate 
significantly decreases near the grain boundary.  
This chapter is concerned with the evolution of the crack opening stress and the 
crack tip opening displacements as a microstructurally small crack grows under constant 
amplitude loading. By means of finite element simulations, the cracks were grown in a
medium material that complied with the crystal plasticity description of inelastic















considered. The effect of the adjacent grain on crack tip parameters was monitored as the 
crack incrementally approached the grain boundary and passed into the adjacent grain. 
4.2 Experiments and modeling of crack opening stresses and crack
growth for microstructural small cracks 
4.2.1 Experiments
A general description of the early fatigue crack growth includes both Stage I and 
II of crack growth. In many cases fatigue cracks initiate from persistent slip bands located
at the material surface. The first grain from which the fatigue crack initiates will 
experience a Stage I crack growth. Once the crack reaches the first grain boundary, it 
changes the mode of propagation into a Stage II crack. The propagating Stage II crack 
will still be dramatically influenced by the microstructural features for a distance that is 
debatable but situated, according to Taylor [10], within the 10D from the initiation site, 
where D is the grain diameter for a specific material.   
From the study of various micromechanical models proposed, the grain size is a 
defining parameter that is taken into account in order to accurately describe the growth 
behavior of small cracks. 
Morris and his colleagues [25-31] have performed an extensive study of small 
cracks in aluminum alloys. They explained the varying behavior of small crack growth 












growth rates through different microstructures they concluded that any model of early
stage of fatigue crack growth should include the alloy microstructural variables. The 
crack growth rate is not continuous and the averaging description of crack tip parameters 
accounting for the fatigue crack growth for small cracks is unsatisfactory, because 
different micromechanical situations will create different conditions for the effective 
stress intensity factors. Monitoring crack opening displacements for loading and 
unloading during fatigue cycles, and monitoring the compliance curve, they measured the 
closure stresses during small crack growth. Several aspects of their measurements are 
very relevant; when the surface crack initiated from inclusion particles, and propagated 
through a non-continuum medium, the influence of the inclusion particles and the grain 
boundaries dominated the crack growth rate. The closure trends for a crack initiated from 
such a particle will depend on the size of that particle as well as on the crack length. In
other words, there will be an identifiable closure formation trend for a crack emanating
from a particle. Newman [17] calculated the closure transient of small cracks growing
from “tight” voids and “open” voids. Experiments in Al 7075-T651 [26] indicated that 
the crack would propagate as a Stage I crack in the first grain. After the first grain 
boundary, it will change the propagation mode into a Stage II crack. They concluded that 
crack closure was presented for both Stage I and Stage II crack, and that the crack closure 
decreased as the crack changed from Stage I to Stage II. Grain boundaries have a major 
role in blocking the crack growth. To explain the intricate behavior of small cracks Zurek 












diameter and the development of microplasticity in a new grain in the crack path with 
respect to the grain size. Results from their experiments show that the first two grains are
most effective in stopping the crack growth rate. They also noted that small cracks stop at 
or prior to a grain boundary. Other important parameters influencing the crack closure 
stresses are the plastic zone ahead of the crack tip and the distance from the crack tip to
the next grain boundary. They found that closure stresses are highest as the crack just 
enters a new grain and at this time the crack has the slowest growth rate. They mention 
that an analytical relationship relating the crack closure to the relative position with 
respect to the grain boundary would be useful.  
Closure of microcracks has been studied by Ebi and Neumann [64] in two steels, 
an austenitic stainless steel (FCC) and a mild steel (BCC), and they found that the effect 
of the grain boundary and the neighboring grain is different in the two microstructures. 
While in the austenitic stainless steel, the crack approaching the grain boundary was not 
blocked, in the mild steel the grain boundary had a strong retardation effect on the 
growing crack. The cracks in both steels initiated as Stage I crack and temporarily
stopped at the first grain boundary. Another arrest of the growing crack occurs at the 
second grain boundary. After about 40-45% of the total fatigue life the fatigue crack 
presented a continuous growth pattern. They mention that the closure recorded for the 
small crack was dependent on the crack length. The closure stresses measured were 
obtained from fatigue tests at R = -1 and the opening stresses vary as the small crack 














C. Li et. al. [65, 66] in two studies, investigated the effect of grain boundary on 
the fatigue crack growth in aluminum bicrystals. They assert that there is a grain 
boundary affected zone where the mismatch between the two single crystals will create a 
heterogeneous deformation and internal stresses resulting from the incompatible strains at
the boundary. They also mention that the grain boundary will decelerate the growth of a 
fatigue crack approaching the grain boundary that was termed “interface-induced crack 
shielding”. In their interpretation, the intricate behavior of the small crack growth may be 
due to the effect of the grain boundary on the shape of the plastic zone ahead of the crack 
tip. For the experiments, they chose four different bicrystals of high purity aluminum, by
choosing four different misfit angles between the single crystals. As the short crack 
grows near the grain boundary, the influence of the interface on the plastic slip becomes 
of significant importance. Li also indicated that the primary slip system is shortened by
the approach of the grain boundary and effect of the same grain boundary on the 
secondary slip system depends on the crack length. Near the grain boundary the growth 
rate indicated different fluctuations, depending on the misfit angle of the interface. For 
one of the bicrystals, the growth rate decreased slowly as the crack approached the grain 
boundary. This decrease is explained as the effect of shortening the slip band ahead of the 












4.2.2 Modeling of closure evolution for small cracks 
Tanaka [18] states that the modeling of closure for microstructurally small cracks 
is far from satisfactory and that the modeling must include crack deflection occurring
when the crack passes a grain boundary or when crack changes its path. For his 
modeling, Tanaka considers that the slip deformation near the crack tip occurs along
crystallographic planes under less-constrained conditions. The crack tip slip deformation 
is blocked by grain boundaries. The path of the crack growth is influenced by the 
crystallographic nature of the slip deformation crack deflection results due to this 
phenomenon. Using the theory of continuously distributed dislocations Tanaka deduced 
the extent of plastic zone ahead of the crack tip. As the plastic zone reaches the grain 
boundary, the plastic zone is blocked at the interface. For a propagating small crack 
toward a grain boundary, Tanaka shows that this grain boundary decreases the rate of 
increase in ∆CTOD. The amount of the decrease depends the ratio of the slip resistances 
in the two grains. He mentions that not all the grains hinder the fatigue crack growth.   
Tanaka mentioned that the effect of grain boundary on crack closure depends on 
the relative position of the crack with respect to the grain boundary. If only the maximum 
plastic zone is blocked at the grain boundary the opening stress decreases, while, when 
the reversed plastic zone is blocked at the grain boundary, the opening stress increases.  
Akinawa et al. [67] studied the evolution of the crack closure by combining the 
crack-tip lip band model with the plasticity-induced closure model of Newman [40]. By
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which the small crack is propagating, significantly influences the extent of the plastic
zone ahead of the crack tip, crack tip opening displacements and crack tip opening
stresses. When the adjacent grain has higher yield strength, the opening stresses will 
increase as the crack approaches the grain boundary. The crack tip opening stress will 
reach a minimum value in the first grain before the crack tip reaching the grain boundary. 
When the crack propagates into the second grain, they noticed that the opening stress 
increases steeply. When the adjacent grain has the yield strength less than the first grain, 
the trend of opening stresses is opposite. As the crack increases in length and approaches 
the grain boundary, the opening stresses will decrease, reaching a minimum before the 
grain boundary, and then they increase until a maximum value obtained when the crack 
tip is exactly at the grain boundary. After the crack propagates into the second grain, the 
opening stresses will follow a decreasing trend that eventually stabilizes.  
Because the small crack tip is embedded in a grain that is a region where the 
plastic deformation occurs along some discrete slip systems, an appropriate tool to study
this type of cracks is single crystal plasticity.  
4.3 Finite element analyses of growing fatigue cracks in M(T) 
specimens 
In the previous chapter concerned with stationary cracks, it has been shown that 
the shape and size of the plastic zones ahead of the crack tip and the crack tip opening














dir e cti o n of t h e l o a d. F or a st ati o n ar y cr a c k t h at w as l o c at e d n e ar a gr ai n b o u n d ar y, t h e 
cr a c k ti p o p e ni n g dis pl a c e m e nt w as als o s h o w n t o d e cr e as e as t h e cr a c k ti p w as l o c at e d 
cl os er t o t h e gr ai n b o u n d ar y.  
F or t h e pr es e nt st u d y, t h e fi nit e el e m e nt a n al ys es c o nsi d er e d a n M T s p e ci m e n, 
wit h a t y pi c al m es h si mil ar t o t h e o n e s h o w n i n Fi g ur e 3. 2. E a c h i n di vi d u al cr yst al 
m o d el e d h as b e e n c o nsi d er e d as h a vi n g is otr o pi c el asti cit y wit h Y o u n g’s m o d ul us  E = 
2 0 0 G P a a n d P oiss o n’s r ati o ν = 0. 3. F or t h e si m ul ati o ns of f ati g u e cr a c k gr o wt h i n a 
si n gl e cr yst al, t h e sli p r esist a n c e f or t h e t w o sli p s yst e ms w as c h os e n as τ cr = 2 4 8 M P a 
[ 5 0, 5 1]. W h e n t h e cr a c k w as ass u m e d e m b e d d e d i n a p ol y cr yst alli n e m at eri al, t h e 
a dj a c e nt gr ai n w as ass u m e d t o e x hi bit a m o difi e d sli p r esist a n c e, d u e t o t h e i nfl u e n c e of 
t h e gr ai n b o u n d ar y a n d ot h er o bst a cl es o n t h e sli p pr o p a g ati o n. I n a d diti o n, a 
cr yst all o gr a p hi c mis ori e nt ati o n w as c o nsi d er e d. T h e h ar d e ni n g p ar a m et ers f or t h e 
h ar d e ni n g m atri x gi v e n i n e q. ( 3) ar e h 1 = 2 8 M P a, a n d h 2  = 0. T h es e v al u es ar e i d e nti c al
t o t h os e e m pl o y e d b y G all et al. [ 5 0, 5 1]. T h e s p e ci m e n di m e nsi o ns w er e w  = 1 0 m m a n d 
h  = 1 0 m m. T h e cr a c k si z e w as a/ w  = 0. 1. T his v al u e w as c h os e n s o t h at t h e cr a c k ti p w as 
u n aff e ct e d b y fr e e s urf a c e i nt er a cti o ns.  
T h e i niti al cr a c k w as gr o w n i n cr e m e nt all y, wit h i n cr e m e nt al cr a c k e xt e nsi o n fr o m 
t h e cr a c k ti p f oll o wi n g t h e a p pli c ati o n of t h e m a xi m u m a p pli e d l o a d i n t h e l o a d c y cl e.
O n e n o d e w as r el e as e d e a c h c y cl e. D et ails of t his f ati g u e cr a c k gr o wt h si m ul ati o n 
pr o c e d ur e ar e dis c uss e d e xt e nsi v el y b y D a ni e wi c z a n d S ki n n er [ 6 9- 7 1]. C o nst a nt 






       
 
 










si m ul ati o ns, t h e m a xi m u m a p pli e d str ess w as i n m ost c as es c h os e n s u c h t h at t h e r ati o of 
t h e r es ol v e d s h e ar str ess t o t h e criti c al str ess w as τ m a x /τ cr  = 0. 3. W h e n si m ul ati n g cr a c k 
gr o wt h a cr oss a gr ai n b o u n d ar y, t h e a p pli e d str ess w as c h os e n s u c h t h at t h e s a m e τ m a x /τ cr 
w a s m ai nt ai n e d f or t h e i niti al gr ai n fr o m w hi c h t h e cr a c k pr o p a g at e d. T h e d o u bl e-sli p 
m o d el, d u e t o its 2- D r e pr es e nt ati o n, r e pr es e nts a n u p p er b o u n d as c o m p ar e d wit h t h e f ull 
3- D m o d el. 
4. 4 E v ol uti o n of o p e ni n g st r ess es f o r a c r a c k g r o wi n g i n a si n gl e g r ai n  
It is w ell k n o w n t h at a f ati g u e cr a c k r e m ai ns cl os e d f or a p orti o n of t h e l o a di n g 
c y cl e d u e t o t h e eff e ct of t h e pl asti c w a k e l eft b e hi n d t h e cr a c k ti p as t h e cr a c k i n cr e as es 
i n l e n gt h. T h e v al u e at w hi c h t h e cr a c k first f ull y o p e ns d uri n g l o a di n g is c all e d t h e
o p e ni n g str ess S o p e n  a n d t his str ess d efi n es t h e v al u e of t h e eff e cti v e str ess i nt e nsit y f a ct or
r a n g e ∆ K eff t h at a ct u all y e xt e n ds t h e cr a c k.  
I n or d er t o o bt ai n r eli a bl e o p e ni n g str ess es, m es h es wit h diff er e nt l e v els of 
r efi n e m e nt w er e i niti all y c o nsi d er e d. F or t w o si n gl e cr yst al M( T) s p e ci m e ns wit h t h e sli p 
a n gl es φ = 3 0 °  a n d φ = 4 5 ° , t h e m es h r efi n e m e nt st u d y r es ults s h o w n i n Fi g ur e 4. 3 
i n di c at e d t h at as t h e el e m e nt si z e n e ar t h e cr a c k ti p d e cr e as e d t h e o p e ni n g str ess es 


































d a = 0. 4 5 7 2 
d a  = 0. 1 5 2 4 
d a  = 0. 0 5 0 8 
El e m e nt si z e ( µ m )Si n gl e gr ai n 
φ  = 3 0o 
ψ = 0 o 
S m a x / SY  = 0. 3 
0  2  4  6  8  1 0  1 2  1 4  1 6  1 8
A c c u m ul at e d cr a c k gr o wt h ∆ a ( µ m ) 
















d a  = 0. 4 5 7 2 
d a  = 0. 1 5 2 4 
d a  = 0. 0 5 0 8 
El e m e nt si z e ( µ m )Si n gl e g r ai n 
φ = 4 5 o 
ψ  = 0o 
S m a x / SY  = 0. 3 
0 1 2 3 4 5 6 7 
A c c u m ul at e d cr a c k gr o wt h ∆ a ( µ m ) 
    
8 4 
 
( b) Si n gl e gr ai n wit h φ  = 4 5° 
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Fi g ur e 4. 1 a s h o ws t h e m es h r efi n e m e nt st u d y f or a cr yst al wit h φ = 3 0 ° . It c a n b e 
s e e n t h at f or a m es h wit h a n el e m e nt si z e (i n t h e m ost r efi n e d r e gi o n n e ar t h e cr a c k ti p) of 
d a  = 0. 4 5 7 µ m , t h e o p e ni n g str ess w as S o p e n / Sm a x ≅  0. 4. As t h e el e m e nt si z e w as d e cr e as e d 
t o d a  = 0. 1 5 2 µ m  a n d f urt h er t o d a  = 0. 0 5 0 8 µ m , t h e o p e ni n g str ess st a bili z e d at S o p e n / Sm a x 
≅  0. 3 4. T h us, t his v al u e c a n b e ass u m e d t o b e a c o n v er g e d v al u e d f or t h e o p e ni n g str ess, 
a n d t h e m es h wit h d a  = 0. 1 5 2 µ m  w as c o nsi d er e d f or l at er a n al ys es i n si n gl e a n d m ulti pl e
gr ai n st u di es. F or t h e m es h wit h t h e sli p a n gl e φ = 4 5 ° , a n al ys es usi n g t hr e e m es h es 
i n di c at e d al m ost i d e nti c al o p e ni n g str ess es wit h S o p e n / Sm a x ≅  0. 2 8. F or c o nsist e n c y, t h e 
m es h wit h t h e el e m e nt si z e of d a  = 0. 1 5 2 µ m  w as c h os e n f or all f urt h er a n al ys es.  
Fi g ur es 4. 1 a a n d 4. 1 b s h o w t h at t h e e v ol uti o n of t h e o p e ni n g str ess es f oll o ws a 
p at h t h at is i n d e p e n d e nt of t h e si z e of t h e el e m e nts. F or t h e m ost r efi n e d m es h wit h t h e 
el e m e nt si z e of d a  = 0. 0 5 0 8 µ m , t h er e is a v ari ati o n of t h e o p e ni n g str ess es t h at s u g g ests 
t h at t h e el e m e nt si z e m a y b e t o o s m all. H o w e v er, t h e b uil d- u p of t h e pl asti c w a k e is 
l ar g el y i n d e p e n d e nt of t h e m es h si z e. F or i nst a n c e, i n t h e c as e of t h e cr yst al wit h φ = 3 0 ° , 
t h e f or m ati o n of t h e pl asti c w a k e is c o m pl et e d i n a b o ut 1 0 µ m , w hil e i n t h e c as e of t h e
cr yst al wit h φ = 4 5 ° , t h e c o m pl et e b uil d- u p of t h e pl asti c w a k e a n d st a bili z ati o n of t h e
o p e ni n g str ess es is r e a c h e d i n a b o ut 5 µ m. T h es e r es ults ar e r e as o n a bl e c o nsi d eri n g t h at 
i n t h e pr e vi o us st u d y it h as b e e n s h o w n t h at t h er e is m or e cr a c k ti p pl asti cit y f or φ = 3 0 ° 






       
 
   
   
 
 







T h e pr es e nt r es ults s u g g est t h at t h e f or m ati o n of t h e pl asti c w a k e o c c urs r el ati v el y 
r a pi dl y ( a f e w t e ns of mi cr o ns) f or R  = 0. 1 s o t h at t h e a bs e n c e of pl asti cit y-i n d u c e d 
cl os ur e f or a cr a c k i n t h e mi cr ostr u ct ur all y s m all st a g e c a n n ot e x pl ai n t h e r a pi d cr a c k 
gr o wt h c o m m o nl y ass o ci at e d wit h s m all cr a c ks.  
Fi g ur e 4. 2 s h o ws a t y pi c al cr a c k ti p pl asti c z o n e f or t h e t w o a n al ys es, w h e n φ = 
3 0 °  a n d φ = 4 5 ° . T his fi g ur e pr es e nts a pl asti c z o n e aft er t h e cr a c k w as gr o w n 5 l o a d 
c y cl es a n d it c a n b e o bs er v e d t h at t h e sli p b a n d at t h e cr a c k ti p h as a disti n ct ori e nt ati o n 
wit h r es p e ct t o t h e dir e cti o n of t h e a p pli e d str ess, d e p e n di n g o n t h e sli p a n gl e. 
( a) φ  = 3 0°  ( b) φ  = 4 5° 
Fi g ur e 4. 2 T y pi c al cr a c k ti p pl asti c z o n e f or a  
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4. 5 C r a c k g r o wt h i n t h e vi ci nit y of a g r ai n b o u n d a r y   
M ost of t h e mi cr o m e c h a ni c al m o d els f or s m all cr a c k gr o wt h h a v e a c k n o wl e d g e d 
t h e i m p ort a n c e of t h e i nt er a cti o n b et w e e n gr o wi n g f ati g u e cr a c ks a n d gr ai n b o u n d ari es. 
H er e, w e c o nsi d er a cr a c k i n a n M T s p e ci m e n w hi c h is gr o w n i n cr e m e nt all y t o w ar d a 
gr ai n b o u n d ar y, a n d t h e e v ol uti o n of t h e o p e ni n g str ess es a n d t h e cr a c k ti p o p e ni n g 
dis pl a c e m e nts ( C T O D) ar e si m ul at e d. T h e gr ai n b o u n d ar y is d efi n e d as t h e i nt ers e cti o n 
b et w e e n t w o r e gi o ns wit h diff er e nt cr yst all o gr a p hi c pr o p erti es. I n all t h e si m ul ati o ns 
i n v ol vi n g gr o wt h of t h e cr a c k a cr oss t h e gr ai n b o u n d ar y i nt o t h e a dj a c e nt gr ai n, t h e first 
gr ai n w as c o nsi d er e d wit h ψ  = 0, s o t h at t h e cr yst al w as ali g n e d wit h t h e dir e cti o n of t h e
l o a d. T h e n, t h e s e c o n d gr ai n w as r ot at e d wit h v ari o us v al u es of ψ . 
I n a p ol y cr yst alli n e m at eri al, t h e r esist a n c e t o sli p is diff er e nt i n e v er y gr ai n. T h e 
i niti ati o n of pl asti c sli p i n a gr ai n is a f u n cti o n of t h e dist a n c e b et w e e n t h e gr ai n b o u n d ar y 
a n d t h e n e ar est Fr a n k- R e a d s o ur c e ( n o n- u nif or mit y t h at c o nstit ut es s o ur c e of 
disl o c ati o ns) i n t h e n ei g h b ori n g gr ai n. T h us, t h e si m ul ati o ns i n cl u d e d c as es w h er ei n t h e 
s e c o n d gr ai n w as gi v e n t h e s a m e sli p r esist a n c e, as w ell as a m o difi e d sli p r esist a n c e.    
Fi g ur e 4. 3 a pr es e nts r es ults f or a cr a c k gr o wi n g fr o m o n e gr ai n t h at h as a sli p 
a n gl e of φ = 3 0 °  a n d is ali g n e d wit h t h e dir e cti o n of t h e l o a d (ψ  = 0) t o w ar d a gr ai n 
b o u n d ar y. T h e a dj a c e nt gr ai n is als o assi g n e d φ = 3 0 ° , a n d is r ot at e d wit h diff er e nt a n gl es 
wit h r es p e ct t o t h e first gr ai n. T h e sli p r esist a n c es ar e k e pt t h e s a m e f or b ot h gr ai ns s u c h 
t h at τ cr 1  = τ cr 2 . T h e cr a c k is a n al y z e d f or a dist a n c e of a b o ut 2 0 µ m i n t h e n e ar gr ai n 






       













t o 4 6 l o a d c y cl es wit h t h e m es h si z e d a  = 0. 1 5 2 4 µ m . It c a n b e s e e n t h at f or φ = 3 0 °  i n 
b ot h gr ai ns, t h e gr ai n b o u n d ar y is l o c at e d i n a r e gi o n f or w hi c h t h e o p e ni n g str ess es ar e 
i n cr e asi n g. I d e all y, o n e w o ul d st u d y t h e i nfl u e n c e of t h e gr ai n b o u n d ar y aft er a st a bili z e d 
o p e ni n g str ess w as a c hi e v e d, b ut t his w o ul d h a v e m e a nt t o gr o w t h e cr a c k o n t h e or d er of 
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Fr o m Fi g ur e 4. 3 a it m a y b e o bs er v e d t h at w h e n t h e a dj a c e nt gr ai n is mis ori e nt e d 
wit h a n a n gl e of 1 5 °  or 3 0° , t h e d e vi ati o n of t h e o p e ni n g str ess es fr o m t h e si n gl e cr yst al 
v al u e is v er y s m all. Alt er n at el y, w h e n t h e a dj a c e nt gr ai n is hi g hl y mis ori e nt e d, wit h 
a n gl es of 6 0 °  or 7 5° , t h e o p e ni n g str ess es ar e str o n gl y i nfl u e n c e d b y t h e pl asti c 
d ef or m ati o n t h at i niti at es a n d pr o p a g at es i n t h e a dj a c e nt gr ai n e v e n w h e n t h e cr a c k ti p 
h as n ot y et r e a c h e d t h e gr ai n b o u n d ar y. F or a mis ori e nt ati o n of 6 0 °  a n d 7 5° , t h e o p e ni n g
str ess es will s ust ai n a n i n cr e as e as t h e cr a c k a p pr o a c h es t h e gr ai n b o u n d ar y, s u g g esti n g 
a n i n cr e as e d bl o c k a g e of t h e pl asti c z o n e a n d s u bs e q u e nt r e d u cti o n of t h e gr o wt h r at e. 
F or t h es e t w o ψ v al u es, t h e o p e ni n g str ess es r e a c h a m a xi m u m, f oll o w e d b y a s u d d e n 
d e cr e as e, i m m e di at el y b ef or e t h e cr a c k ti p r e a c h es t h e gr ai n b o u n d ar y. T his c orr es p o n ds 
t o t h e i nst a nt at w hi c h t h e pl asti c sli p is i niti ati n g i n t h e n ei g h b ori n g gr ai n, s o t h at t h e 
cr a c k gr o wt h is n ot bl o c k e d a n y m or e. Fr o m Fi g ur e 4. 3 a it c a n als o b e o bs er v e d t h at f or 
diff er e nt ori e nt ati o ns of t h e s e c o n d gr ai n t h e o p e ni n g str ess will v ar y. T h e l ar g est cr a c k 
gr o wt h r at e bl o c k a g e will o c c ur w h e n a gr ai n t h at is r ot at e d wit h ψ  = 7 5°  wit h r es p e ct t o 
t h e dir e cti o n of t h e a p pli e d str ess, a n d t h e l e ast bl o c ki n g eff e ct is ass o ci at e d wit h ψ  = 3 0° . 
Fi g ur e 4. 3 b ill ustr at es r es ults fr o m a si mil ar a n al ysis f or a cr a c k gr o wi n g t o w ar d a 
gr ai n b o u n d ar y, w h er e t h e sli p a n gl e f or t h e t w o n ei g h b ori n g gr ai ns is φ = 4 5 ° . Si mil ar
tr e n ds i n t h e o p e ni n g str ess es as t h e cr a c k a p pr o a c h es t h e gr ai n b o u n d ar y c a n b e 
o bs er v e d. A mis ori nt ati o n a n gl e of 1 5 °  b et w e e n t h e t w o a dj a c e nt gr ai ns will h a v e al m ost 
n o i nfl u e n c e o n t h e o p e ni n g str ess es. W h e n t h e mis ori nt ati o n a n gl e is 3 0 °  or 4 5° , t h e 






















the grain boundary. As the crack comes very close to the grain boundary, the opening
stresses drop suddenly, as the plastic slip is initiated in the neighboring grain. For 
misorintation angles of 60° and 75°, the opening stresses will increase to the maximum 
value as the crack tip approaches the grain boundary. As the crack tip enters the adjacent 
grain, the opening stresses will follow different paths depending on the orientation of this 
grain. Again, the largest blockage occurs when the grain has been rotated with ψ = 75°. 







       
 
                  
                    
                          
                                                           
 
                          
                
 
                          
                   
 
                          




       Gr ai n B o u n d ar y
φ 1  = 4 5° φ 2  = 4 5° 
ψ 1  = 0 ψ 2  = 3 0° 
∆ a  = 0. 1 5 2 4 µ m ∆ a  = 0. 3 0 4 8 µ m ∆ a  = 1. 0 6 6 9 µ m 
∆ a  = 2. 2 8 6 2 µ m ∆ a  = 2. 8 9 5 9 µ m ∆ a  = 3. 8 1 0 4 µ m 
∆ a  = 4. 4 2 0 1 µ m ∆ a  = 5. 3 3 4 6 µ m ∆ a  = 6. 5 5 3 9 µ m 
∆ a  = 7. 1 6 3 5 µ m ∆ a  = 8. 9 9 2 5 µ m ∆ a  = 1 5. 2 4 µ m 





                  
                
                          
                                                           
 
                          
              
   
                          
                 
   
                          
           
 
 
        
        Gr ai n B o u n d ar y
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Gr ai n B o u n d ar y 
φ 1  = 3 0° φ 2  = 3 0° 
ψ 1  = 0 ψ 2  = 7 5° 
∆ a  = 0. 1 5 2 4 µ m ∆ a  = 0. 3 0 4 8 µ m ∆ a  = 1. 0 6 6 9 µ m 
∆ a  = 2. 2 8 6 2 µ m ∆ a  = 2. 8 9 5 9 µ m ∆ a  = 3. 8 1 0 4 µ m 
∆ a  = 4. 4 2 0 1 µ m ∆ a  = 5. 3 3 4 6 µ m ∆ a  = 6. 5 5 3 9 µ m 
∆ a  = 7. 1 6 3 5 µ m ∆ a  = 8. 9 9 2 5 µ m ∆ a  = 1 5. 2 4 µ m 
( c) φ 1  = 3 0° , ψ 1  = 0 / φ 2  = 3 0° , ψ 2  = 7 5° 
 
   
 


















In addition to the relative crystallographic orientation of the two grains, another 
parameter that will influence the growth behavior of a small crack approaching a grain 
boundary is the relative slip resistance of the neighboring grain. Figures 4.5a-f indicate 
the evolution of the opening stresses and the crack tip opening displacement range 
∆CTOD when the fatigue crack approaches a grain with an increased slip resistance. The 
CTOD was defined as the vertical displacement of the first node behind the crack tip. The 
∆CTOD was computed as (CTOD)max - (CTOD)min. This choice for the calculation of 
CTOD was made in order to maintain similitude with the nodes used for opening stress 
computations. Figures 4.5a-f consider a crack that propagates toward a grain boundary. 
The first grain, from which the crack approaches the grain boundary, was assigned a slip 
angle φ = 45° and is non-rotated with respect to the direction of the applied stress. The 
second grain was assigned the same slip angle, but it was rotated with different angles. In
addition, this second grain exhibited a critical shear stress defined by τcr2/τcr1 = 1.5. For 
misorintation angles of 30° and 45°, the increased slip resistance in the second grain 
creates a modest blocking effect prior the crack tip reaching the grain boundary. This 
effect is due only to the increase in τcr for the second grain. This blocking effect is 
stronger for larger ratios of the applied stress to the critical stress. For the situations 
simulated in Figures 4.5a-f it can be observed that as the crack tip enters the second grain, 
and this grain exhibits a larger τcr, the values of the opening stresses will increase.
∆CTOD were also monitored as the cracks were grown across the grain boundaries for 





















stresses. ∆CTOD were predicted for cracks that grew toward a grain that had the slip
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Figures 4.5a-f indicate that ∆CTOD follows a continuous decreasing trend as the 
crack increases in length. In some situations, such those shown in Figures 4.5b and 4.5c 
the ∆CTOD will undergo a sudden increase in the vicinity of the grain boundaries. This 
suggests that these growing cracks are slowed as their plastic zone reaches first reach the 
grain boundary. However, as the crack tip comes very close to the grain boundary, the 
crack growth rate increases dramatically as plastic slip is vigorously initiated in the
second grain. 
4.6 Conclusions 
Fatigue simulations were conducted in order to identify and quantify the impact of 
different parameters on fatigue crack growth rate. Mode I fatigue cracks were cyclically
grown, and the crack opening stresses and crack tip opening displacements were 
monitored. The cracks were grown under two conditions: with crack tip plastic zones 
encompassed in a single grain, and with the plastic zone extending across a grain 
boundary. The transient evolution of the opening stresses and ∆CTOD were monitored as 
the growing crack passed the grain boundary. Both the slip angle along which the plastic 
slip occurs and the angle of grain orientation with respect to the applied stress impacted 
the crack opening stresses and the ∆CTOD. The opening stresses were shown to evolve 
and stabilize relatively rapidly (after 5 to 10 µm of crack growth). Consequently, the 






       





attributed to the absence of the fully developed plastic wake when the crack growth is on 
the order of hundreds of micrometers. 
The evolution of the opening stresses and ∆CTOD were simulated for a small 
crack growing across a grain boundary. It was shown that the relative orientation of the 
neighboring grain can decrease or increase the growth rate of the small fatigue crack in 
the vicinity of the grain boundary. Increased slip resistance in the second grain was 
shown to affect the opening stresses and the ∆CTOD, both when the crack tip has not yet 













SIMULATING SMALL CRACK GROWTH BEHAVIOR  
USING CRYSTAL PLASTICITY AND COMPARISON 
WITH PUBLISHED EXPERIMENTAL SMALL  
CRACK DATA
5.1 Introduction 
Predictions of small crack growth in AA 7075 are performed using FEA and 
results are compared with published experimental data in order to validate the double slip 
model. Small edge cracks in a single grain with a starting length of 6 µm were
incrementally grown following a node-release scheme. Crack-tip opening displacements 
(CTOD) and crack closure stresses were calculated during simulated crack growth, and 
da/dN against ∆K diagrams are computed. Interactions between the crack tip and a grain 
boundary were also considered. The predictions are shown to accurately capture the 
magnitude and variability trends normally observed in small crack data.  
Small fatigue cracks in metallic structures, and especially high strength aluminum 
alloys used in aerospace industry, have been studied extensively over the past three 















stress intensity factor range ∆K during the fatigue cycle. Small cracks in these materials 
initiate as small elliptical-shaped cracks, from inclusion particles located at, or near the
surface of the material directly as mode I (stage II) fatigue crack growth. The size of 
initiating particles can vary from a few microns up to tens of microns [40]. The growth of
small elliptical cracks has been easily monitored at the surface specimens, and crack tip 
parameters, such as CTOD, crack tip opening stresses and plastic zone sizes have been 
calculated. At the deep point of the crack it is more difficult to measure these crack tip
parameters. The purpose of these finite simulations is to compute these parameters in the
plane strain conditions, characteristic for the deep point of the crack, as opposed to the 
surface point that is under plane stress conditions. 
Microplasticity determines the dislocation distribution near the crack tip, which, 
in turn, determines the plastic strains at the crack tip and the growth rate. Depending on 
the dislocation density and the proximity of the crack tip to the nearest grain boundary, 
the small fatigue crack may be accelerated or decelerated. This causes the commonly
observed fluctuation of small crack growth rates. Developments in crystal plasticity have 
occurred such that this theory has become an appropriate tool to use for the study of the 
incipient stages of fatigue crack growth.  
This considers the application of crystal plasticity to the study of small cracks. 
Finite element analyses are performed in order to compute the crack tip opening stresses, 
as the crack length increases due to the fatigue crack growth. Based on these opening
















considered a material property, da/dN against ∆K diagrams for small cracks are 
calculated. The results are compared with published data. By varying the crystallographic
parameters that determine the amount of plastic straining inside the individual grains, the 
usual scatter in small crack data is replicated. The relative predictive capability of
isotropic plasticity with respect to the crystal plasticity is studied by performing similar
analyses using two isotropic strip yield models (Daniewicz [71] and Newman [72]).  
5.2 Small crack growth in engineering alloys 
Because of the reduced length of the small crack, the linear elastic fracture 
mechanics in not applicable and large scale yielding is dominant. Also, the plastic zone 
size is comparable to the average grain diameter. Thus, the interaction between the crack 
tip plastic zone and the grain boundary is a commonly encountered feature in the small 
crack models proposed in the literature. 
Newman [17, 40] proposed a model of small crack growth in aluminum alloys
2024 and 7075 based on classical isotropic plasticity and crack closure transients. From 
many experiments, it was observed that small cracks in these types of aluminum alloys
initiated at inclusion particles near free surface, usually of elliptical shape with diameters 
between 6 and 30 µm. The observed small cracks propagated as mode I cracks without 
any initial stage I growth. A strip yield model developed by Newman allowed them to 













One of the first efforts to model small crack growth and the interaction of a small 
crack with a grain boundary using FEA was that of Li [73], who analyzed stage I (mode 
II) small crack growth. He used classical isotropic plasticity theory and constrained the 
displacement of the nodes located on the plane of crystallographic slip to displace only in 
this crystallographic direction. He analyzed the variation of the effective stress and the 
effective plastic strain ahead of the crack tip as the small crack propagated toward the 
grain boundary. He found that the grain boundary affected the variation of these crack tip 
parameters, as well as the variation of the crack tip opening displacement range (∆CTOD) 
and crack tip opening sliding displacement range (∆CTSD). Li pointed out that the grain 
boundary incompatibility between two adjacent grains results in a stress concentration 
and a reduction of the driving force for small crack growth. He also mentioned that the 
reduced crack growth rates are the effect of two mechanisms: strain incompatibility
between the two grains that creates internal stresses, and crack closure due to the 
deflection of the crack path at the grain boundaries.  
5.3 Finite element model 
To illustrate the utility of crystal plasticity theory, consider the dissimilitude
between the crack tip plastic zone for a long crack and for a small crack as proposed by
Morris and James [31] in Figure 5.1a. In the case of the long crack, the magnitude of the 














applied stress intensity factor during the fatigue cycle. In the case of a small crack, the 
maximum applied stress is not the only factor that determines these crack tip parameters. 
The distance between the crack tip and the nearest grain boundary determines the amount 
of plastic straining ahead of the crack tip and, consequently the crack tip opening
displacements. In addition the plastic deformation is localized in two shear bands 
emanating from the crack tip and inclined from the crack plane. The sketch also shows 
that the shear bands are blocked at the grain boundaries as the crack tip propagates 
toward a neighboring grain. Experimental observations of the plastic slip in 99.999 per 
cent copper single crystals by Neumann [74] also indicated that the plastic strain is 
localized in two shear bands. This situation occurs in both FCC and BCC crystals, being
specific also to aluminum single crystals. This type of plastic deformation is what a crack 
tip “sees” when it propagates in the inter-granular regions. Herein, to illustrate the utility
of employing crystal plasticity theory, finite element simulation of a plastic deformation 
at the crack tip of an incrementally grown crack is presented in Figure 5.1c. The results 
presented in Figure 5.1c were obtained by implementing the constitutive relations 





















Figure 5.1 Plastic deformation at crack tip of a small crack in Cu. (a) Small crack 
dissimilitude in the plastic deformation [31]; (b) Crack tip plastic straining in single















The geometry used was an edge crack specimen. The crack length is denoted a, 
with an initial length of ao = 6.6 µm. The length and the height of the specimen were 
chosen 10 cm and 20 cm, respectively. These values are sufficiently large such that they
do not influence the stress intensity factor, so that the specimen could be considered an 
edge crack in a half-plane. Because the crack plane represents a plane of symmetry, only
half the model has been used in the finite element simulations. The mesh is represented in 
Figure 5.2b. Near the crack tip, due to the small-applied stress intensity factor, the 
element density was increased. After applying a few levels of refinement, the required 
element size in the most refined region was obtained as da = 0.74 µm. For the fatigue
simulations, the cracks were grown incrementally starting from the initial crack length a0 
= 6.6 µm, one node each cycle. The node release was performed at the maximum load in 
the cycle. During each fatigue cycle starting from the minimum applied stress Smin and up 
to the maximum stress applied in the cycle Smax, the displacement of the first node behind 
the crack tip was monitored. When the displacement of this node became positive, it was 
assumed that the crack opened and the corresponding applied stress at that load substep 
defined the opening stress Sopen. The formation of the plastic wake behind the crack tip is 
represented by the evolution of the opening stresses Sopen as the crack increased in length
due to the fatigue crack growth. During the incremental growth, vertical displacements 












as the crack grew was also monitored. The finite element simulations were compared 
with experimental data of small crack growth in AA 7075 presented by Lankford [75]
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Fi g ur e 5. 2 Fi nit e el e m e nt m es h e m pl o y e d f or f ati g u e cr a c k gr o wt h  




















Lankford et al. studied small cracks using a specimen with a very “mild” radius of
curvature (about a 6% stress concentration) in order to localize the initiation of the small 
crack. The applied stress in their experiments was Smax = 414 MPa, which was about 80% 
of the yield strength (0.2% yield strength 515 MPa). The load ratio was R = 0.05. 
Lankford and his colleagues observed that small fatigue cracks initiated at small non-
metallic inclusions of about 3-5 µm. The Lankford loading conditions were applied to the 
finite element mesh and the initial crack a0 was chosen with an initial crack length (6 µm)
approximately equal in size to the inclusion particles they observed. For the finite
element simulations, the critical shear stress τcr at which the single crystal first yielded 
was defined so that the remotely applied stress matched the yield strength for the
polycrystalline material. Using a crystallographic orientation of φ = 35° (slip angle) and 
ψ = 0° (grain rotation angle), from the Schmid’s law resulted that τcr = 240 MPa. This 
value of the resolved critical shear stress was used for all the simulations. Another
parameter required by the model was the value of the hardening constants. After 
performing numerous simulations, it was observed that the value of the hardening
parameter h1 did not significantly influence the values of the opening stress Sopen, so a 
very small value of h1 = 70 MPa was chosen, approximating an elastic-perfectly plastic 
behavior. No latent hardening was assumed for the single crystal, so h2 = 0. All the finite
element simulations performed were conducted under a plane strain condition. A similar 















1 1 2 
c o ul d r e v e al si g nifi c a nt diff er e n c es b et w e e n t h e s urf a c e p oi nt a n d t h e d e e p p oi nt of a 
s m all cr a c k, w hi c h i n t ur n will s h e d li g ht o n t h e s h a p e e v ol uti o n f or a s m all cr a c k. T his 
a n al ysis is l eft f or a f ut ur e st u d y of s m all cr a c k gr o wt h. 
Fr o m C h a pt er III t h at c o nsi d er e d t h e i nt ers e cti o n b et w e e n t w o- di m e nsi o n al pl a n es 
a n d t hr e e- di m e nsi o n al pl a n es cr yst all o gr a p hi c pl a n es i n a n F C C cr yst al, it h as b e e n 
s h o w n t h at t h e sli p a n gl e φ  h as t h e f oll o wi n g li mits: 
o3 5 ≤ φ ≤ 4 5 0  ( 5- 1) 
Si mil ar li mits f or t h e sli p a n gl e ar e dis c uss e d b y As ar o [ 5 6]. F or t h e pr es e nt a n al ys es, t h e 
sli p a n gl es us e d w er e φ  = 3 5 °, 4 0 ° a n d 4 5 °. B e c a us e t h e gr ai n is r a n d o ml y ori e nt e d i n a 
p ol y cr yst alli n e a g gr e g at e, t h e gr ai n r ot ati o n a n gl e ψ  w as c h os e n fr o m 0 t o 9 0 ° wit h 
i n cr e m e nts of 1 5 °. 
T h e S c h mi d f a ct or c a n b e d efi n e d as t h e f a ct or r el ati n g t h e r e m ot el y a p pli e d str ess 
σ  t o t h e s h e ar str ess o n e a c h of t h e sli p s yst e ms.  
(i) ( i)τ = λ ⋅σ  ( 5- 2) 
w h er e λ (i) i s t h e S c h mi d f a ct or f or e a c h of t h e sli p s yst e ms. T h e g e n er al S c h mi d f a ct or 
c a n b e r e pr es e nt e d as: 
( )λ = mi n {λ i ,i = 1, 2 } . ( 5- 3) 
T h e v ari ati o n of λ  as a f u n cti o n of t h e t w o cr yst all o gr a p hi c a n gl es φ  a n d ψ us e d i n t h e 
si m ul ati o ns is r e pr es e nt e d i n Fi g ur e 5. 3.  
1 - φ  = 3 5o 
0. 5 2 - φ  = 4 0o 
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Fi g u r e 5. 3. ( a) V ari ati o n of t h e S c h mi d f a ct or λ  as a f u n cti o n of t h e 
t w o cr yst all o gr a p hi c sli p a n gl es φ  a n d ψ . 
( b) V ari ati o n of t h e yi el d str e n gt h of a si n gl e cr yst al  
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5. 4 M o nit o ri n g o p e ni n g st r ess es f o r s m all c r a c ks 
T o si m ul at e cr a c k gr o wt h r at es f or s m all f ati g u e cr a c ks, cr a c k ti p o p e ni n g str ess es 
w er e first c o m p ut e d fr o m t h e fi nit e el e m e nt a n al ys es. D u e t o t h e pl asti cit y-i n d u c e d 
cl os ur e, at t h e mi ni m u m a p pli e d str ess, t h e cr a c k is cl os e d f or a p orti o n of t h e l o a di n g 
c ur v e. W h e n t h e cr a c k ti p first o p e ns, t h e c orr es p o n di n g str ess is c all e d o p e ni n g str ess 
S o p e n . T h e eff e cti v e str ess i nt e nsit y f a ct or r a n g e t h at r e pr es e nts t h e dri vi n g f or c e f or t h e 
gr o wi n g f ati g u e cr a c k is d efi n e d as: 
∆ K eff = K m a x − K o p e n  ( 5- 4) 
At a n a p pli e d str ess σ , wit h t h e g e o m etr y of t h e s p e ci m e n pr es e nt e d pr e vi o usl y, t h e 
e q u ati o n us e d f or c al c ul ati o n of t h e str ess i nt e nsit y f a ct or is: 
K = 1. 1 2 σ π a  ( 5- 5) 
O p e ni n g str ess es w er e c al c ul at e d f or s m all cr a c ks pr o p a g ati n g i n a si n gl e cr yst al, 
wit h n o gr ai n b o u n d ari es aff e cti n g t h e cr a c k ti p pl asti c z o n e, as w ell as f or a gr o wi n g 
s m all cr a c k n e ar a gr ai n b o u n d ar y. F or t h e si n gl e cr yst al ( gr ai n) si m ul ati o ns, t h e sli p 
a n gl es c h os e n w er e φ  = 3 5 °, 4 0 ° a n d 4 5 °, a n d t h e gr ai n r ot ati o n a n gl e ψ  w as v ari e d fr o m
0 t o 9 0 °. T his all o w e d f or a wi d e v ari ati o n of gr ai n ori e nt ati o ns t o b e si m ul at e d. I n Fi g ur e 
5. 4, t h e o p e ni n g str ess es i n si n gl e cr yst al wit h φ  = 3 5 ° ar e pr es e nt e d. Fi g ur e 5. 4 a pr es e nts 
t h e cr a c k o p e ni n g str ess es, n or m ali z e d wit h t h e m a xi m u m a p pli e d str ess, f or diff er e nt 
v al u es of ψ . F or all ψ a n gl es of t h e cr yst al t h e cr a c k o p e ni n g str ess es e v ol v e fr o m a l o w 


























presented in Figure 5.4a, the stabilization of opening stresses, i.e. the complete formation 
of the plastic wake behind the crack tip, occurs no later than about the first 30 µm of 
crack growth. For some crystal orientations, the stabilization occurs even more rapidly,
within 
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φ = 3 5 oI niti al cr a c k l e n gt h 
a 0 = 6. 6 µ m 
S m a x  = 4 1 2 M P a 
R = 0. 0 5 



































T ot al cr a c k gr o wt h ∆ a ( µ m) 
( a) 
Cr y st al Pl a sti cit y - φ  = 3 5o 
I s otr o pi c stri p yi el d m o d el [ D a ni e wi c z] 
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Fi g ur e 5. 4 O p e ni n g str ess es f or φ  = 3 5° 















1 1 7 
t h e first 1 0- 1 5 µ m of cr a c k gr o wt h. O n c e t h e s m all cr a c k h as pr o d u c e d a f ull y d e v el o p e d 
pl asti c w a k e, t h e o p e ni n g str ess f or all ψ  a n gl es of t h e cr yst al ar e si mil ar ( b et w e e n 0. 2 7 
a n d 0. 3 of t h e a p pli e d str ess). W h e n t h e gr ai n is r ot at e d wit h ψ  = 6 0 °, t h e o p e ni n g
str ess es ar e z er o f or a b o ut t h e first 5 t o 1 0 µ m of cr a c k gr o wt h, as o p p os e d t o t h e ot h er ψ 
a n gl e f or w hi c h t h e o p e ni n g str ess es b e c o m e n o n z er o m u c h m or e r a pi dl y. I n Fi g ur e 5. 4 b 
t h e st a bili z e d v al u es f or t h e o p e ni n g str ess es ar e pr es e nt e d. It c a n b e o bs er v e d t h at f or all 
t h e ori e nt ati o ns, t h e st a bili z e d o p e ni n g str ess es ar e n e arl y t h e s a m e, w hi c h m e a ns t h at
r ot ati o n t h e gr ai n w h e n φ  = 3 5 ° d o es n ot aff e ct t h e gr o wt h r at e si g nifi c a ntl y. As dis c uss e d 
pr e vi o usl y, v ari ati o ns i n t h e cr a c k gr o wt h r at es c o ul d b e o bs er v e d o nl y i n t h e v er y first 
st a g e of t h e cr a c k gr o wt h.  
A m att er of gr e at i nt er est is t h e c o m p aris o n of t h e r es ults fr o m a n is otr o pi c c as e 
wit h t h os e pr o vi d e d b y cr yst al pl asti cit y. T h e is otr o pi c r es ults w er e o bt ai n e d fr o m t h e 
m o difi e d stri p yi el d m o d els of D a ni e wi c z [ 7 1] a n d N e w m a n [ 7 2]. T h e r es ults fr o m t h e 
is otr o pi c c as e w er e si mil ar t o t h os e fr o m cr yst al pl asti cit y f or φ  = 3 5 °, as s e e n fr o m 
Fi g ur e 5. 4 b.  
T h e o p e ni n g str ess es f or φ  = 4 0 ° ar e pr es e nt e d i n Fi g ur e 5. 5.  T h e m ai n f e at ur es 
dis c uss e d i n t h e c as e of a cr yst al wit h a sli p a n gl e φ  = 3 5 ° ar e als o pr es e nt w h e n φ  = 4 0 °. 
T h e o p e ni n g str ess es i niti at e a g ai n fr o m a v er y l o w v al u e ( c orr es p o n di n g t o al m ost n o 
pl asti cit y), m o n ot o ni c all y i n cr e asi n g t o a st e a d y v al u e. A g ai n, it c a n b e o bs er v e d t h at f or 
s o m e cr yst all o gr a p hi c ori e nt ati o ns, s u c h as ψ  = 6 0 °, al m ost n o cl os ur e i n t h e i n t h e e arl y




















the plastic wake behind the crack tip. This is explainable by the orientation of the double 
slip system, which creates less plasticity at the crack tip in this orientation. The stabilized 
values of the opening stresses Sopen, after the crack has grown a sufficient amount (at least  
40-50 µm) are presented in Figure 5.5b. It can be observed from this plot that in the case 
of φ = 40°, the difference in opening stresses for different rotations on the crystal is larger 
than in the previous case of φ = 35°. The Sopen values fluctuate from 0.2 to about 0.4. This 
indicates a wider spread for the crack growth rates in this orientation. The isotropic result 
from the strip yield model falls between the lower and upper limits obtained from crystal 

































T ot al cr a c k gr o wt h ∆ a ( µ m) 
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Fi g ur e 5. 5. O p e ni n g str ess es f or φ  = 4 0° 
( a) cr a c k cl os ur e f or m ati o n tr e n d 

















In Figure 5.6, similar results for a crystal with a slip angle of φ = 45° are presented. In
Figure 5.6a the evolution of opening stresses as the crack grows from 6.6 µm to almost 
60 µm is shown for different rotation angles of the crystal ψ. In this case, it can also be 
observed that there is much variation in the evolution of Sopen, depending on the angle ψ. 
For example, when ψ = 75°, Sopen reaches its stabilized value very rapidly (after 3 cycles, 
or 1-2 µm of crack growth). If ψ = 60°, approximately 15 cycles are required, or almost 
10 µm of crack growth to get a nonzero value for Sopen. Even after this initial length 
another 30 to 40 µm of crack growth is required to obtain a stabilized value of the
opening stress Sopen. This indicates that in this crystallographic orientation, the complete 
buildup of the plastic wake requires a minimum of about 50 µm of crack growth. From 
Figure 5.6b, which presents the stabilized Sopen values for φ = 45° and different grain 
orientations ψ, it can be observed that the variation of the values is large, from Sopen = 
0.18 to Sopen = 0.4. This is comparable with the large spread of Sopen values when φ = 40°. 
Again, for comparison between the two plasticity models, the isotropic results using the
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Gr ai n a n gl e r ot ati o n ψ ( d e g) 
( b) 
Fi g ur e 5. 6. O p e ni n g str ess es w h e n φ  = 4 5° 
( a) cr a c k cl os ur e f or m ati o n tr e n d 















Small cracks in high strength aluminum alloys often grow under the influence 
from the grain boundaries. As a crack approaches a grain boundary, the plastic zone will 
eventually reach this boundary between the two neighboring grains. Different plastic 
mechanisms will then affect the crack propagation. The misorientation of the second 
grain, toward which the crack is propagating, drastically influences the crack tip plasticity
conditions, represented here by Sopen. Due to the piling-up of the dislocations at the grain 
boundary, the region near the boundary will exhibit increased yield strength. For the 
present study, the effect of crystallographic misorientation is studied by rotating the 
second grain with different angles from the initial grain, from which the crack is 
propagating. Consequently, the grain boundary is treated here as only the geometrical 
intersection between the two different crystallographic regions. No increased slip 
resistance at the grain boundary is considered in this study. Figure 5.7 presents the 
evolution of Sopen as the crack grows toward a grain boundary with two different 
misorientations, ψ = 15° and ψ = 75°. For comparison results from a misorientation ψ = 
0° (single grain) are presented.  In all three simulations, the crystallographic angles for 
the initial grain were φ1 = 45° and ψ1 = 0°, while for the second grain slip angle was also 
φ2= 45°, and ψ2 was changed. When ψ2 = 0° the opening stresses increase and stabilize at
about 0.38. When a grain boundary is introduced with ψ2 = 15° in the second grain, the 
opening stresses initially follow the results for ψ2 = 0. As the crack propagates closer to 
the grain boundary, the opening stresses begin decreasing, which means that the crack is 
























    
    
   
1 2 3 
v al u e at t h e gr ai n b o u n d ar y a n d, as t h e cr a c k ti p e nt ers t h e s e c o n d gr ai n, t h e o p e ni n g 







T ot al cr a c k gr o wt h ∆ a ( µ m) 
Fi g ur e 5. 7 E v ol uti o n of o p e ni n g str ess es as t h e cr a c k gr o ws  
t o w ar d a gr ai n b o u n d ar y. C o m p aris o n b et w e e n diff er e nt  
mis ori e nt ati o ns of t h e n ei g h b ori n g gr ai n a n d t h e c as e  
wit h n o gr ai n b o u n d ar y.  
k e e p a g ai n d e vi at e littl e fr o m r es ults f or ψ 2  = 0 ° a n d ψ 2  = 1 5 ° i niti all y. D u e t o t h e a br u pt 
c h a n g e i n cr yst all o gr a p hi c a n gl es b et w e e n t h e t w o gr ai ns, w h e n t h e pl asti c z o n e e nt ers 
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1 2 4 
d e cr e as es. Fr o m a d diti o n al si m ul ati o ns n ot pl ott e d i n Fi g ur e 5. 7, it w as o bs er v e d t h at a 
mis ori e nt ati o n a n gl e of ψ 2  = 3 0 ° h as al m ost t h e s a m e eff e ct as ψ 2  = 1 5 °, w hil e a 
mis ori e nt ati o n a n gl e of ψ 2  = 6 0 ° h as t h e s a m e eff e ct as ψ 2  = 7 5 °. 
5. 5 C r a c k ti p- o p e ni n g dis pl a c e m e nts f o r s m all c r a c ks 
N e xt, cr a c k ti p pr ofil es a n d cr a c k ti p o p e ni n g dis pl a c e m e nts fr o m diff er e nt cr yst al 
pl asti cit y si m ul ati o ns ar e c o m p ar e d wit h t h e p u blis h e d d at a b y L a n kf or d et al. Fi g ur e 5. 8 a 
pr es e nts t h e cr a c k pr ofil e, or cr a c k o p e ni n g dis pl a c e m e nts ( C O D) f or a dist a n c e x , 
v ar yi n g fr o m 0. 8 t o a b o ut 1 0 0 µ m, b e hi n d t h e cr a c k ti p. E x p eri m e nt al r es ults fr o m 
L a n kf or d et al. ar e als o pl ott e d o n t his fi g ur e. M ulti pl e cr yst all o gr a p hi c ori e nt ati o ns h a v e 
b e e n si m ul at e d, c o nsi d eri n g φ  = 3 5 ° or φ  = 4 5 °, a n d ψ  v ar yi n g fr o m 0 t o 9 0 °. O nl y a f e w 
r es ults, i n cl u di n g t h e e xtr e m es ( m a xi m a a n d mi ni m a) C O D  fr o m t h es e si m ul ati o ns ar e
pl ott e d i n Fi g ur e 5. 8 a. T h e cr a c k pr ofil e w as c o m p ut e d aft er 1 0 c y cl es, or 8 µ m of cr a c k 
gr o wt h, a n d t h e str ess i nt e nsit y f a ct or r a n g e at t h at l o c ati o n w as ∆ K = 4  M P a m as i n 
L a n kf or d’s e x p eri m e nts. It c a n b e o bs er v e d t h at t h er e is g o o d a gr e e m e nt b et w e e n t h e 
F E A r es ults a n d t h e e x p eri m e nts, f or dist a n c es b e hi n d t h e cr a c k ti p, x <  2- 3 µ m. F or 
l ar g er dist a n c es x , t h e a gr e e m e nt is n ot as g o o d. O n e e x pl a n ati o n f or t his diff er e n c e is 
t h at i n a r e al m at eri al t h er e will al w a ys b e pr es e nt s o m e r o u g h n ess of t h e cr a c k s urf a c es 
t h at c a n n ot b e r e pli c at e d i n F E A. A n ot h er e x pl a n ati o n is t h at s o m e of t h e e x p eri m e nt al 
























1 2 5 
d e cr e as es. L a n kf or d et al. di d n ot pr es e nt a n y i nf or m ati o n r e g ar di n g t h e l o c ati o n of t h e 
gr ai n b o u n d ar y w h e n pr es e nti n g t h eir C O D d at a. Fi g ur e 5. 8 b pr es e nts a n e ar cr a c k vi e w 
of t h e cr a c k pr ofil e. L a n kf or d et al. als o pr es e nt e d i n t h eir p a p er t h e v ari ati o n of t h e 
C T O D  f or a gr o wi n g s m all cr a c ks, w h e n ∆ K = 4 M P a m . T h e y d efi n e d C T O D  as t h e 
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1 2 7 
( c) 
Fi g u r e 5. 8 Cr a c k ti p o p e ni n g dis pl a c e m e nt r a n g es ∆ C T O D. 
( a) S m all cr a c k pr ofil e C O D; ( b) Z o o m e d –i n t h e n e ar  
ti p r e gi o n of t h e cr a c k pr ofil e; ( c) c o m p aris o n i n t h e
s c att er of t h e ∆ C T O D  b et w e e n t h e e x p eri m e nt al m e as ur e m e nts
 [ 7 5] a n d si n gl e cr yst al si m ul ati o ns 
dis pl a c e m e nt of a p oi nt l o c at e d 1 µ m b e hi n d t h e cr a c k ti p. Fr o m e x p eri m e nts, t h e y 
o bs er v e d t h at t h e l o w er li mit f or C T O D  w as 0. 2 2 µ m a n d t h e u p p er li mit 0. 4 µ m. Fi g ur e 
5. 8 c pr es e nts t h e C T O D  r es ults fr o m t h e fi nit e el e m e nt si m ul ati o ns f or diff er e nt si n gl e















1 2 8 
m e as ur e d b y L a n kf or d et al. F or a n gl es φ  = 3 5 ° a n d φ  = 4 5 °, a n d a n y ori e nt ati o n of t h e 
gr ai n a n gl e ψ , t h e si m ul at e d C T O D  w as l o c at e d wit hi n t h e li mits m e as ur e d
e x p eri m e nt all y. T his is a n e x c ell e nt a gr e e m e nt wit h t h e e x p eri m e nts, a n d t his i n di c at es 
t h at fi nit e el e m e nt a n al ys es of gr o wi n g cr a c ks i n ar e v er y r eli a bl e f or t h e c o m p ut ati o n of 
t h e C T O D . 
5. 6 C r a c k g r o wt h r at e s f o r s m all c r a c ks 
T h e pri m ar y g o al of t his st u d y is t o si m ul at e cr a c k gr o wt h r at es. T h e m ai n 
ass u m pti o n is t h at t h e s m all cr a c ks a n d l o n g cr a c k h a v e t h e s a m e gr o wt h r at es if t h e s a m e 
eff e cti v e  str ess i nt e nsit y f a ct or r a n g e is a p pli e d at t h e cr a c k ti p. I n t his vi e w, t h e cr a c k 
gr o wt h r at e d a/ d N as a f u n cti o n of ∆ K eff i s a m at eri al pr o p ert y. T h e pr o p os e d pr o c e d ur e is 
as f oll o ws. Us e l o n g cr a c k d a/ d N a g ai nst ∆ K eff d at a, a v ail a bl e i n t h e lit er at ur e. B as e d o n 
t h e o p e ni n g str ess es f o u n d fr o m t h e fi nit e el e m e nt a n al ys es a n d pr es e nt e d pr e vi o usl y, 
s m all cr a c k gr o wt h r at e di a gr a ms d a/ d N  a g ai nst ∆ K  b e c al c ul at e d. F or e x a m pl e, fr o m t h e 
fi nit e el e m e nt si m ul ati o ns, as t h e f ati g u e cr a c k w as gr o w n i n cr e m e nt all y, at a n y i nst a n c e 
cr a c k l e n gt h a n d a p pli e d str ess r a n g e w er e k n o w n, s o ∆ K  c o ul d b e c al c ul at e d usi n g e q. 
( 5- 5). Fr o m c al c ul at e d t h e o p e ni n g str ess S o p e n , t h e eff e cti v e ∆ K eff  c a n b e c al c ul at e d b as e d 
o n t h e f oll o wi n g e q u ati o ns:    
 1 − S o p e n 
































Using the ∆Keff calculated with equation (20), da/dN is determined from the long crack
effective curve. The results are plotted in terms of da/dN against ∆K diagrams.  
First task was to identify the long crack data from the literature. Published data by
Newman et al. [38], Blandford [76], Putra and Schijve [77], Hudson [78], Tokaji [11], are 
plotted in Figure 5.8a. These crack growth rates are for high R ratio (R ≥ 0.5), so it is 
assumed that ∆K ≅ ∆Keff. It can be observed that the results selected agree reasonably
well for ∆K ≤10 MPa m . A three-line curve fitting has been performed for the data
below ∆K =10 MPa m , as is the region of interest for the small cracks. The curve fitting
is presented in Figure 5.9b.  
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Applied stress intensity factor range ∆K (MPa*m1/2) Applied stress intensity factor range ∆K (MPa*m
1/2) 








































































Figure 5.9 Long crack da/dN vs. ∆K effective curves for  
high applied stress ratios R (a) Published data in the literature;  
(b) Three-line curve fitting for low applied ∆K 
Based on curve fitting and the calculated da/dN with the procedure indicated, small crack 
growth diagrams were produced and the results were compared with the computed crack 
growth rates experimentally measure by Lankford et al. For a small crack growing in a 
single crystal grain with no influence from a grain boundary, the results are presented if 
Figures 5.10a-c for slip angles φ = 35°, φ = 40° and φ = 45°, respectively. Each plot
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pr es e nts t h e s a m e e x p eri m e nt al r es ults f or f o ur diff er e nt s m all cr a c ks wit h u n k n o w n gr ai n 
b o u n d ar y l o c ati o n i nf or m ati o n. Fi g ur e 5. 1 0 a pr es e nts t h e gr o wt h r at es w h e n φ  = 3 5 °. F or 
c o m p aris o n, t h e r es ults usi n g t h e stri p yi el d m o d els ar e i n di c at e d. T h e cr yst al pl asti cit y 
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In the Figure 5.11 based of the opening stresses plotted in the Figure 5.7, 
predicted crack growth rates are presented for a crack that propagates toward a grain 
boundary. As the crack approaches the grain boundary the crack growth rate will either 
increase or decrease, depending on the crystallographic parameters used.   
5.7 Conclusions 
In this study, crystal plasticity theory has been applied to the characterization of
small crack growth, by simulating incremental crack growth with the finite element 
method. The material input parameters where chosen so that the crystalline behavior was 
that for aluminum alloy 7075. Crack opening stresses, Sopen, and crack tip opening
displacements CTOD were calculated during the crack growth and the results were 
compared with a classical small crack data set from Lankford et al.[75]. Crack growth
rates were estimated using the predicted opening stresses and the long crack data from the 
open literature. Good agreement between the computations and the experiments were 
obtained. By varying the orientation of the crystal, the usual scatter in small crack data
was reasonably well simulated. The results indicate the potential of applying crystal 
plasticity theory in order to replicate qualitatively the plastic deformation characteristics 
at the crack tip of a small crack, as well as quantitatively measure the scatter of the crack
tip parameters values, such as Sopen, CTOD, and da/dN. Isotropic results are produced 
using two strip yield models and it is shown that the isotropic approach represents a good 
















NUMERICAL STUDY OF CRACK TIP PLASTICITY IN 
TEXTURED ALUMINUM ALLOYS USING BARLAT’S 
ANISOTROPIC YIELD FUNCTIONS
6.1. Introduction 
Two anisotropic yield functions YLD1991 and YLD2000 have been implemented 
in the finite element code ANSYS as USERPL.f and USERMAT.f. By choosing the 
appropriate constants that define them, the two yield functions along with associative 
flow rules (plastic strain increments are derived directly from the yield function) describe 
the plastic behavior of textured aluminum alloys. To quantify the influence of plastic 
anisotropy at the crack tip, finite element simulations with stationary cracks in M(T)
specimens were performed and the plastic zone sizes and configurations, as well as crack 
opening displacements were analyzed for different textures materials. The monotonic 
crack tip opening displacement (CTOD) is an elastic-plastic parameter extensively used 
in fracture mechanics. It describes the plasticity conditions at the crack tip and it can be 
used as a fracture criterion. CTOD can be used to correlate or characterize fatigue crack 












the cycle ∆CTOD = CTODmax - CTODmin. The plastic zone magnitude also represents a 
good parameter to indicate the amount of plasticity at the crack tip that, in the case of 
ductile materials, dictates the crack growth rate. For an isotropic material, the CTOD and 
the plastic zone size are directly related. It is shown in this study that the CTOD and the 
plastic zone size do not relate directly, other factors determining the CTOD being the 
yield function and the angle between the applied load and the principal directions of the 
texture. 
The samples used for analyses were four extrusions: 2024-T3 rectangular, 2024-
T3 square, 2026-T3 rectangular and 2026-T3 extrusions, and the following ideal textures: 
Brass, Copper, Cube, Extrusion (Alcoa nomenclature), Goss, S an P. (Appendix 3) 
Section 6.2 presents the two yield functions YLD1991 and YLD2000 for the 
plane stress case. These yield functions have been implemented as two material 
subroutines: USERPL.f and USERMAT.f that have been linked to the commercial finite 
element code ANSYS 6. Details of the numerical procedure are also presented in this 
section. The numerical procedure used an elastic predictor and a radial return-mapping
algorithm. Section 6.3 presents the uniaxial stress strain curves computed using ANSYS
when the angle between the direction of the load and the rolling direction (RD) was: 0°, 
45° or 90°. The general aspect of these curves and the computed R-values (defined as 
εy/εz when the loading is applied in the X-direction) matched experimental results, which 












another set of verifications was performed. By conveniently choosing the constants in the 
two yield functions equal to one, the classical von Mises yield function is retrieved. 
Analyses of cracked geometries using YLD1991 and YLD2000 collapsed to von Mises 
and the von Mises model provided in the ANSYS material library produced almost 
identical results. Section 6.4 presents simulations of the plastic zones at the crack tip in 
an M(T) specimen using the textures mentioned previously. Important differences were 
observed for the plastic zone shape and sizes for different textures and varying angles 
between the applied load and the principal directions of the texture. Section 6.5 presents 
the computed crack tip opening displacements (CTOD) for the above-mentioned textures. 
The CTOD were measured at the first node in the finite element mesh behind the crack 
tip. Finally, the possibility of the texture plastic properties to deviate the crack off the
crack plane is investigated. Two criteria for evaluating the tendency of the crack to
deviate into mixed mode crack propagation are employed: the principal direction 
criterion, or the direction of the maximum principal stress, and the crack tip sliding
displacement (CTSD) for nodes behind the crack tip. It was found that the texture has 
little influence on these parameters, with the exception of 2024-T3 rectangular extrusion 
that showed reduced sliding displacements, for the nodes behind the crack tip. 
Important differences compared with the isotropic case were noticed when 
different textures were analyzed and when the textures were rotated with respect to the 
direction of the applied stress. The results indicate that the texture influence on the 
















properties of textured materials are complex and very different than the results offered by
classical isotropic plasticity. 
6.2. Finite element implementation of the anisotropic functions 
Yld1991 and Yld2000 
The two anisotropic yield functions Yld1991 and Yld2000 have been introduced 
by Barlat and his collaborators [82-84]. Here we present a concise review of these two 
anisotropic yield functions. 
6.2.1. Anisotropic yield functions Yld1991 and Yld2000 – analytic 
formulation 
YLD1991 yield function
YLD1991 yield function Ψ is defined with respect to the stress tensor as follows 
[85]: 
m + m + mΨ = S1 − S2 S2 − S3 S3 − S1 = 2 ⋅σ 
m
 (6.1) 
where, m is constant (m = 6 for BCC metals, and m = 8 for FCC metals), S1,S2,S3 are the 
principal values of a 3-rd order matrix whose components in the plane stress formulation 
has the following components: 
C3 (σxx − σ yy )+ C2σxxS = xx 3 
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C1σ yy − C3 (σxx − σyy )S = yy 3 
− C σ − C σ2 xx 1 yyS = (6.2)zz 3 
S = S = C ⋅ σxy yx 6 xy 
S = S = S = S = 0xz zx yz zy 
Given the material constants Ci, with i = 1,2…,6 and the stress components, the principal 
values of the matrix Sij, are:
S = −S − S3 1 2 
The parameters Ci, i = 1,2…,6 are materials constants and constitute input parameters in 
the finite element subroutine.
YLD2000 yield function 
The anisotropic function YLD2000 can be written as (3): 




a + aφ'= X'1 −X'2 
a φ"= 2X"1 +X"2 X"1 +2X"2  (6.5) 
X’1,2 and X”1,2 are the principal values of the following matrices: 
(6.3) 



















X'= L'⋅!  and X"= L"⋅!  (6.6) 
The matrices L’ and L” are defines as:
0 03


































⋅ α L' 0= 221 
αL' 20 03 










































αL"12 1 − 4 − 4 4 0 
4 − 4 − 4 1 0 
− 2 8 2 − 2 0 
0 0 0 0 9 
41 
9 
⋅ αL" = 21 5 
αL" 22 6 
αL" 66 8 
The parameters αi, i = 1,2…,8 are material properties and represent input data for the 
finite element implementation. The principal values of X’ and X” are:
where, in this equation X can have either of the two indices (prime or double prime). 
Implementation in FE code 
YLD1991 and YLD2000 have been implemented in the finite element codes 
ANSYS 5.7.1 and ANSYS 6.1 as a user plasticity subroutine (USERPL.f) and a user 













software the estimated trial elastic stresses as well as the state variables that are the 
plastic strain components and equivalent plastic strain from previous time step. It updates 
the state of stresses and strains by using the consistency condition that states that the final 
state of stresses should be on the updated yield surface. 
For the present study, the texture elasticity was assumed isotropic such that the 
elastic stiffness tensor is defined by the formula: 
eC ijkl = G(δ δ + δ δ )+ λδ δ  (6.9)ik jl il jk ij kl 
where G is the shear modulus, λ is Lame’s constant, δ is the Kronecker delta function and 
i, j, k, l = 1,2. Also, 
E EνG =  and λ =  (6.10)
2(1+ ν) (1+ ν)(1− 2ν) 
For the aluminum alloys textures averaged Young’s modulus used was E = 70 GPa and 
Poisson’s ratio ν = 0.3. 
Two hardening laws are possible with these implementations: 
Cσ ( )ε = A(B + ε )  - Swift’s law (6.11) 
( ) = A − B ⋅ exp(−C ⋅ ε )σ ε  - Voce’s law (6.12) 
where A,B,C material constants and ε  is the equivalent plastic strain. 
In order to update the stresses and strains a return-mapping algorithm, first introduced by



















elastic predictor and check if yielding occurs. Trial stresses are first evaluated assuming
that the time step is fully elastic: 
trial Ce trial pl )! = : (  −  (6.13)n+1 n 
trial plwhere Ce is the fourth order elasticity tensor, are the trial strains and n  is the
accumulated plastic strains over previous time steps. Next, define the yielding residual:
pl pl )trial trialR(! ,εn ) = σ (! )−σ (ε n  (6.14)n+1 n+1 
where εn
pl
 is the equivalent plastic strain accumulated over previous time steps. If
trialR(! +1 ,ε
pl
n ) < Tol (where Tol = 10-8), then the time step is elastic, update all the variablesn 
trialand exit the plasticity subroutine. If R(! ,εpln ) ≥ Tol , then the time step is elastic-n+1 
plastic and the increments in the equivalent plastic strains γ n+1 are to be calculated from 
the consistency condition at the end of the time step: 
pl
σ (! n+1 ) − σ (ε n + γ n+1 )= 0  (6.15) 
where n+1 is the state of stresses at the end of the current time step. In order to
calculate γ n+1  the following systems of equations is defined: 
pl
g (γ ) = σ (! )−σ (ε n + γ )= 01 n+1 n+1 n+1
 (6.16)∂σ (! )−1 trial n+1g 2 (γ +1 ) = Ce : (!n 1 − ! +1 )+ γ n = 0n + n +1 ∂! 
To solve this system of equations, Newton-Raphson procedure is applied. 










incremental procedure of return mapping algorithm described in Yoon [87] has been 
employed. Applying Newton-Raphson procedure to the above system of equations, one 
obtains: 
∂g1k ∂g1k( )  d! + dγ = 0g γ +1k k k k∂! ∂σk k  (6.17)
∂g 2k ∂g 2 k( )  d! + dγ = 0g γ +2 k k k k∂! k ∂σ k 
or, using the expressions defined in (6.15): 
pl dρ( )− ( γ −ϕ + ( )! ⋅d − dσ ! ρ εn + ) ∂ σ ! γ = 0k k k ! k k kdγk  (6.18) 
−1 T −1 2( )  ! + γ ⋅∂ σ ! ∂ σ( )! = 0C (! −! )+ γ ⋅∂ σ ! +C d d ( )+ γ ⋅e k k ! k e k k ! k k ! k 
where, 
( pl )ϕ k = c ⋅ ρ ε n  (6.19) 
and c is a constant as input in the plasticity subroutine. Most often the value employed
was c = 1. In some situations, when dealing with “sharp” yield surfaces, such as Goss, 
even with c = 1, the Newton-Raphson procedure diverged and a value of c = 0.5 was 
successfully employed. 
From equation (6.17-2) it results that: 
2d! = −C(g ( )γ + dγ ⋅ ∂ σ( )! )  (6.20)k 2k k k ! k 
where, 



















Introducing (6.18) back into (6.17-1) the equivalent plastic strain increments is obtained 
as:
( )− ∂ σ ( )⋅C ⋅ g γg γ ! ( )1k k ! k 2k kdγ =  (6.22)k dρ∂! σ ( )⋅C ⋅ σ ( )! +! k ∂! k dγ k 
By employing Newton-Raphson procedure on the previous system of equation, the 
increments in stresses ∆ n+1 and strains γ n+1 are obtained. The final values are updated as:
pl pl
εn+1 = ε n + γ  (6.23)n+1 
and 
trial
n+1 = n+1 − d n+1  (6.24) 
The plastic strain increments components are calculated by using associative flow rule:
d pl γ n+1 ⋅ ∂ σ( )  (6.25)= ! ! k 
and the components of the plastic strains are updated by: 
pl pl pld +1 = n + d  (6.26)n 
Determination of the elastic-plastic tangent modulus 
At time n+1 the following relation can be written for the updated yield surface: 
pφ(! n+1 ) = σ(! n+1 )− ρ( n + γ n+1 )  (6.27)




















2d! = C ⋅ d − dγ ⋅C ⋅ ∂ σ(! )− γ ⋅ C ∂ σ(! )⋅ d! (6.28)n+1 e n+1 n+1 e ! n n+1 e ! n+1 n 
and, 
−1 2d! = (C + γ ⋅ ∂ σ(! ))⋅ (d − dγ ⋅ ∂ σ(! ))  (6.29)n+1 e n+1 ! n+1 n+1 n+1 ! n 
and, with the definition given in eqn. (6.19), 
d! = C ⋅ (d − dγ ⋅ ∂ σ(! ))  (6.30)n+1 n+1 n+1 ! n 
Differentiating, now, eqn. (6.25.1) 
dφ(! ) = ∂ σ(! )⋅ d! − dρ dγ = 0n+ ! n+1 n+1 n+11 dγ  (6.31)n+1 
Replacing d n+1 with the expression given in eqn. (6.27), one obtains: 
∂ σ(! )⋅ C ⋅ d  − ∂ σ(! )⋅ C ⋅ ∂ σ(! )⋅ dγ − dρ dγ = 0  (6.32)! n+1 n+1 ! n+1 ! n+1 n+1 n+1dγ n+1 
From the above eqn.(6.22), solving for dγn+1: 
∂ σ(! )⋅ C ⋅ d! n+1 n+1dγ =  (6.33)n+1 
∂ σ(! ) ⋅ C ⋅ ∂ σ(! ) + dρ ! n+1 ! n+1 dγ n+1 











C )∂ σ(! )⋅ C ⋅ d! n+1 n+1 ⋅ ∂ σ(!
dρ !
d! d  + − (6.34)= n+1 1 +1n n 


























− C ⋅ ∂ σ
(! )⊗ C ⋅ ∂ σ(! )! n+1 ! n+1d! C d  (6.35)+ = n+1 1dρ n ∂ σ(! )⋅ C ⋅ ∂ σ(! )+! n+1 ! n+1 dγ n+1  
So, the elastic-plastic algorithmic tangent modulusCe p  relates the increments in stresses 
and strains: 
Ce pd = : d  (6.36)n+1 n+1 
where, 
C ⋅ ∂ σ(! )⊗ C ⋅ ∂ σ(! )! n+1 ! n+1Ce p = C −  (6.37) 
∂ σ(! ) ⋅ C ⋅ ∂ σ(! ) + dρ ! n+1 ! n+1 dγ n+1 
6.3 Verifications of the implementations 
To verify the correctness of the finite element implementations of the two yield 
functions YLD1991 and YLD2000, two sets of analyses were performed. 
6.3.1 Stress – strain curves 
First, the equivalent stress-strain curves for some chosen textures were computed 
by finite element analyses. The specimen represented in Figure 6.1 was subjected to
uniaxial tension and the accumulated plastic strains components as well as the equivalent 























Figure 6.1 Mesh with boundary conditions employed 
for the uniaxial tensile tests 
The resulting uniaxial stress against uniaxial plastic strain curves are presented in 
Figures 6.2 and 6.3. All the tensile tests were performed in the extrusion direction. The
values for the angle α between the texture orientation and the direction of the applied 
stress σ were chosen 0°, 45° and 90°. From the tensile tests the R-values were also 
calculated. The values were identical with the analytical R-values, which is a good 
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(a) 2024-T3 rectangular extruded specimen – YLD2000 
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(c) 2026-T3 rectangular extruded specimen – YLD2000 
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(e) Brass texture– YLD2000 
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 (g) Cube texture– YLD2000 
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(i) Goss texture– YLD2000 
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(k) S texture– YLD2000 
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(a) 2024-T3 rectangular extrusion – YLD1991 
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(c) 2026-T3 rectangular extrusion – YLD1991 
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(e) Brass texture – YLD1991 
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(g) Cube texture – YLD1991 
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(i) Goss texture – YLD1991 
Figure 6.3 Uniaxial tensile tests – YLD1991 
6.3.2 Verification with the von Mises yield criterion 
Another comparison performed was the verification of the case when the Barlat
yield criterion becomes the von Mises yield criterion by appropriately choosing the 
constants that define the yield functions. The yield function YLD1991 becomes identical 
with von Mises when C1 = C2 = …= C6 = 1. The yield function YLD2000 becomes 
identical with the von Mises criterion when α1 = α2 = … = α8 = 1. For both yield 
functions the exponent m = 2. To ensure that the implementation was correct, variation of 














case of Barlat yield functions were compared with the case of the von Mises case 
provided by ANSYS. The specimen considered was an M(T) specimen represented in the 
Figure 6.4.
Figure 6.4 M(T) specimen 








































Figure 6.5. Mesh of the M(T) specimen used for the  
study of plastic zone sizes 
The variation of the von Mises stresses and the stress σy along an axis















yield functions reduced to von Mises and the von Mises case. Figures 6.6 and 6.7 
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Figure 6.6 Comparison between von Mises criterion provided by
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von Mises - ANSYS 
(MISO) 
YLD2000 reduced to 
von Mises 
Figure 6.7 Comparison between von Mises criterion provided by
ANSYS and the YLD2000 reduced to von Mises 
From the analyses of the tensile tests and the variation of crack tip stresses when 
the two yield functions YLD1991 and YILD2000 become von Mises yield criterion it can 
be concluded that the implementations of the two yield functions are correct. 
6.4  Crack tip plastic zones 
In order to investigate the influence of texture anisotropy on the crack tip plastic
zone and, implicitly, on the parameters that determine the crack growth, finite element 















crack tip plasticity analyses is to use a model that applies a prescribed displacement field 
on a circumferential domain around the crack tip. Because the displacement field is
proportional with the applied stress intensity factor K, any geometry could be tested only
by varying one parameter. This method, even though simple, has the disadvantages that it 
can model only small scale yielding situations and that it neglects any influence on the T-
stress (normal stress along the crack plane) that may influence the crack tip stress state. 
Building the whole model avoids these simplifications and has also the advantage that is
not a difficult task. 
To obtain results that are mesh independent, different levels of mesh refinement 
were tested. For the present analyses, mesh refinement was performed until an element 
size of da = 10.28 µm produced satisfactorily stabilized plastic zones. 
In the near crack-tip region the mesh refinement was increased until the plastic
zone size stabilized with respect to the mesh size. The remotely applied stress was σ = 
170 MPa, which created a maximum stress intensity factor KI = 15.2 MPa m , as  
indicated by the following equations: 
K I = "# !a  (6.38) 
!a" = sec  (6.39)
w 
where, 














The applied stress σ makes an angle α with the rolling direction of the textured sheet. In
the FE analyses, α was varied between 0 and 90° with increments of 15°. The elasticity
of the material was assumed isotropic with Young’s modulus E = 70 GPa and Poisson’s 
ratio ν = 0.3. The hardening constants for the ideal textures were chosen the same as 
those for 2024-T3 square extrusion with a Voce’s hardening law. 
Figures 6.8 – 6.14 present images of the crack tip plastic zones for 2024-T3 and 
2026-T3 rectangular and square extrusions using both YLD1991 and YLD2000. Figures 
6.7 and 8 present the plastic zones for 2024-T3 rectangular extrusion using YLD2000 
(Figure 6.8) and YLD1991 (Figure 6.9). From these two figures it can be noticed that the 
plastic zones the two yield function are similar and there is not much difference between 
different orientations of the texture with respect to the direction of the applied stress σ. 
The plastic zones for 2024-T3 square extrusions are presented in Figure 6.10 (YLD2000) 
and Figure 6.11 (YLD1991). It can be noticed from these figures that the plastic zone 
sizes are constantly smaller for all the orientation angles α, and that the behavior of this 
type of texture is more anisotropic, with significant differences between α = 0° and, for 
example, α = 45°. Figures. 6.12 and 6.13 present images of the plastic zones for the 
2026-T3 rectangular extrusion and Figures. 6.14 and 6.15 present images of the plastic 
zones for the 2026-T3 square extrusion. Varying crack tip plastic zone sizes and shapes 

























the fatigue and fracture properties of these textures are highly dependent on the angle α








                       
 
                   
 




 (a) α = 0 deg  (b) 15 deg
(c) 30 deg  (d) 45 deg
(e) 60 deg  (f) 75 deg
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(a) α = 0 deg  (b) 15 deg
(c) 30 deg  (d) 45 deg
(e) 60 deg  (f) 75 deg
(g) 90 deg















Figures. 6.16 – 6.27 present images of the plastic zones for the ideal textures: 
Brass, Copper, Cube, Extrusion, Goss, P, and S. For these ideal textures the plasticity at 
the crack tip is very different from one texture to another. For instance Brass and Copper 
textures are very anisotropic, while the Cube texture is almost isotropic. Figure 6.16 and 
6.17 present the plastic zones for the Brass texture. Relatively small plastic zones can be
noticed for angles α = 0°, and α = 90°, while the plastic zone increases significantly
along directions at 45° with the plane of the crack, when α = 30° or α = 45°. The 
behavior of Copper texture is shown in Figure 6.18 and Figure 6.19. Significantly larger 
plastic zones can be noticed in the case of this extrusion and a very anisotropic shape of 
the plastic zone for angles α different than zero. Figure 6.20 and 6.21 present the plastic 
zones for the Cube texture. It appears that this type of texture has the most isotropic 
behavior, the size and shape of plastic zone being very little affected by the change in the
orientation of the texture α. Also, the plastic zones are smaller then in the case of other 
textures, which implies very good fatigue and fracture properties. Figure 6.22 presents 
the plastic zones for the Extrusion texture. In general, this texture is very anisotropic,
similar to the Copper texture, and the plastic zone are larger compared with, for example 
Cube texture. Figures. 6.23 and 6.24 present the plastic zones for the Goss texture. The 
size of these plastic zones is relatively small and the behavior is close to isotropic case as 









texture and it appears that this texture has the same behavior as the Goss texture but 
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6.5 Parameters quantifying the plasticity behavior at the crack tip 
In order to evaluate the fatigue and fracture behavior of this type of anisotropic 
textures, some parameters defining the plasticity extent at the crack tip should be 
employed. Figure 6.27 indicates the definition of these parameters.  















Considering a cracked body, the plastic zone at the crack tip will have a given 
configurations that depends on the angle α between the transversal direction of the 
texture and the direction of the applied stress σ. According to the Figure 6.27, the extent 
of the plastic zone in the crack plane is called r0, the maximum extent of the plastic zone
is rmax and it occurs at an angle θmax. Also, for all of the textures presented in Figures 6.7 
– 26, the crack opening displacement (COD) at a distance 10.28 µm was computed with
FEA and reported. The 10.28 µm represents the location of the first node behind the 
crack tip and it is a good measure of the CTOD. The monitoring of all these parameters is 
necessary due to the fact that, as it can be observed from the plastic zones discussed 
previously, the shape and the magnitude of a crack tip plastic zone depends on the degree 
of anisotropy of that texture. On the contrary, for an isotropic material, the shape and size
of the crack tip plastic zone would be indifferent to any changes in the angle α. 
Figures 6.28 and 6.29 present the extent of the plastic zone r0 for the 2024-T3 
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Isotropic (a = 8) 
von Mises (a = 2) 
Figure 6.28 Plastic zone size r0 for 2024-T3 and 2026-T3 
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Isotropic (a = 8) 




Figure 6.29 Plastic zone size r0 for 2024-T3 and 2026-T3 










The results are similar using both functions, although small differences can be 
noticed. From these figures it can be observed that the square extrusions of 2024-T3 and 
2026-T3 are almost the same in terms of size and shape of the plastic zone for any texture 
angle α. So, the fracture properties of these two extrusions should be very similar. 2026-
T3 rectangular extrusion has plastic zone sizes r0 constantly larger than the 2026-T3 
square extrusion. From all these four extrusions, the largest plastic zone occurs in the 
case of 2024-T3 rectangular extrusion. In the case of this texture, the extent r0 is almost 
double than any other texture, which suggests that the fatigue and fracture parameters are 
the weakest for this type of texture. This fact has been confirmed experimentally by
Garratt [88] where fatigue crack growth rates recorded for 2024-T3 were higher in the 
case of rectangular extrusion that in the case of square extrusion. Figures 6.30 and 6.31 
present the maximum extent of the plastic zone rmax in the case of 2024-T3 and 2026-T3 
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Figure 6.30 Plastic zone size rmax for 2024-T3 and 2026-T3 
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Figure 6.31 Plastic zone size rmax for 2024-T3 and 2026-T3 








































It can be observed that the extent rmax is again almost double the size of any other 
of the other three textures. Also, for angles α between 30° and 60°, the extent rmax
increases significantly when compared with texture angles α = 0° or α = 90°. The 
orientation θmax of maximum extent rmax for these four textures is represented in Figures 
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Figure 6.32 Orientation of the maximum extent of the plastic zone θmax for 










































Isotropic (a = 8) 
von Mises (a = 2) 
Figure 6.33 Orientation of the maximum extent of the plastic zone θmax for 
2024-T3 and 2026-T3 rectangular and square extrusions (YLD1991) 
The parameter θmax is a good indication of the anisotropy of a texture. The 
orientation of the maximum extent rmax can be seen to vary widely, from θmax≅ 20° for 
texture angles α = 0° to θmax≅ 70° for α = 75°. COD for 2024-T3 and 2026-T3 square 
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Figure 6.34 Crack tip opening displacement for 2024-T3 and 2026-T3 
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Figure 6.35 Crack tip opening displacement for 2024-T3 and 2026-T3 
















It can be noticed that again the 2024-T3 rectangular extrusion has by far the 
largest COD, for all textures angles α. 
In the Figures 36-43, the same crack tip parameters discussed previously r0, rmax,
θmax and COD for ideal textures are presented. The hardening law for the ideal textures 
was chosen the same as the one for 2024-T3 square extrusion: 
( ) = A − B ⋅ exp(−C ⋅ ε )σ ε  (6.40) 
where, A = 703.3 MPa, B = 274.9 MPa and C = 14.11 MPa. 
When the equivalent strain ε is zero, the equivalent stress is 
σ = 703.3 − 274.9 = 428.4MPa  (6.41) 
σThis results in a ratio of the applied stress to the equivalent stress of = 0.4  which is the
σ 
same for all ideal textures. Consequently, the differences in the magnitudes of the plastic
zones for these textures are the result of the texture coefficients αi (i = 1,…, 8), any
influence of different yield strength due to different equivalent hardening curve being
eliminated. 
Figures 6.36 and 6.37 represents the extent r0 as a function of the angle α for the 
ideal textures. When α = 0, the largest plastic zone size r0 is obtained for the Copper 
texture and the smallest plastic zone for the Goss texture. As the angle α is changed, 
some textures such as Brass, Copper and Goss exhibit significant variations in the 
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The maximum extent of the plastic zone is plotted in Figures 6.38 (YLD2000) and 
6.39 (YLD1991). Again, Brass, Copper and Goss textures show a significant variation of 
rmax as a function of the angle α. The Cube texture leads to the smallest variation of rmax. 
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Isotropic (a = 8) 
von Mises (a = 2) 
Figure 6.39 Plastic zone extension rmax for the ideal textures (YLD1991) 
For angles α between 15° and 90°, the Copper texture exhibits a much larger rmax, 
which indicates that this texture might lead to lower fracture and fatigue resistance 
compared to the other textures. 
The angle θmax between the crack and the direction of maximum extent is plotted 
in Figures. 6.40(YLD2000) and 6.41(YLD1991). It can be observed that due to the 
anisotropy of the material plasticity, there is a significant variation of θmax with respect to 
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Figure 6.40 Orientation of maximum extent θmax of the plastic zone for 
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Figure 6.41 Orientation of maximum extent θmax of the plastic zone for 














Again, the smallest variation exhibited by the Cube texture, while the Brass, 
Copper and S textures lead to the largest variation. For the Cube texture, θmax is almost 
always about 25°, while for the other textures this angle can vary from 30° to almost 80°. 
Finally, the COD for these textures were computed and plotted in Figures 6.42 
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Figure 6.42 Crack tip opening displacement CTOD 
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Isotropic (a = 8) 
von Mises (a = 8) 
Figure 6.43 Crack tip opening displacement CTOD 
for the ideal textures (YLD1991) 
The largest COD for all the angles α were obtained for the Copper texture. This 
implies that this texture might lead to inferior fracture properties for all the orientations 
α. For comparison, the isotropic (when αi = 1 and a = 8) and von Mises (when αi = 1 and 
a = 2) are represented by open circles and triangles, respectively. From this plot, it can be 
observed that the smallest COD is shown by the Goss texture when α = 0. An interesting
feature is that the relation between the COD and the two defined extensions of the plastic 
zone r0 and rmax is complex. No direct relationship between r0 and COD are observed, that 















plastic behavior at the crack tip might not be very successful in explaining growth rates 
for different textures with different orientations. When using von Mises yield function, 
such a relation is well established. It appears that, not only the extent of the plastic zone
in the plane of the crack, but also the orientation of the maximum extent influence the 
amount of CTOD and, accordingly, fracture properties for these materials. 
6.6 Investigation of direction of crack growth increment 
As a preliminary study of the direction of crack growth for a kinked crack, two 
criteria have been applied to 2024-T3 rectangular and square, and 2026-T3 rectangular 
and square extrusions. First, for elements situated in the crack plane, immediately ahead 
of the crack tip, the direction of the maximum principal stress has been calculated [90]. 
Given the calculated stress tensor from FEA, the principal direction, based on well 
known 2-D stress transformation relations is: 
2τ−1 xy2φmax = tan (6.42)σ x −σ y 
Figure 6.44 presents the variation of φmax as a function of the distance x, ahead of 
the crack tip. It can be observed that at some distance away from the crack tip the angle 
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Figure 6.44 Predicted angle of crack growth increment
In addition, there is no significant difference between the two extrusions 
rectangular and square of 2024-T3 and 2026-T3 and the von Mises case. Crack tip sliding
displacements variation for nodes behind the crack tip, plotted in Figure 6.45 also 
indicates that there is no visible difference between these textures and the von Mises case 
that implies that any observed crack path deviation from mode I to a mixed mode I+II
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Figure 6.45 Crack tip sliding displacements
for nodes behind the crack tip 
Though, it was noted that the sliding displacements for 2024-T3 rectangular 
extrusion are smaller than those for the other three textures. From fatigue experiments, it 
has been noted that 2024-T3 rectangular presents the lowest tendency to grow the crack 
off plane, which resulted in less fatigue crack growth resistance and faster crack growth
rates. It is believed that the constituent particles play the determining role in deviation the














Analyses of stationary cracks in an M(T) specimen using two anisotropic yield 
functions (YLD1991 and YLD2000) revealed that the plastic zones and the crack tip 
opening displacements are significantly different than the similar parameters obtained 
with the classical isotropic plasticity. Four extruded specimens 2024-T3 and 2026-T3 
rectangular and square extrusions were analyzed. Seven ideal textures were also 
analyzed. Some of the textures exhibited a highly anisotropic behavior, such as Brass, 
Copper and Goss, while others were very closed to the isotropic behavior. Different COD 
calculated with FEA reveal that these textures can have a very different resistance to the 
crack propagation either by fatigue or rapid fracture. The finite element analyses were in
agreement with some experimental results that showed a higher growth rate in the 2024-
T3 rectangular extrusion than in the 2024-T3 square extrusion. FEA indicated that the 
crack tip plastic zones and COD in 2024-T3 rectangular extrusion were invariantly
almost twice the same parameters when calculated for the 2024-T3 square extrusion. 
From the finite element analyses it can be also inferred that the texture does not play any
significant role in deviating a mode I crack from growing straight into a mixed mode I +
II crack. Analyses using 2026-T3 rectangular and square extrusions didn’t indicated 
major differences between them and the isotropic case. The calculated angles of deviation 









particles play the major role in deviating the crack out-of-plane. Including the constituent 















Plastic anisotropic behavior at the tip of fatigue or stationary crack is a 
phenomenon that characterizes a few important cases. First, at the microstructural scale, 
small crack problem is believed to be a direct manifestation of the particularities of the
plastic anisotropic behavior. Secondly, at macroscale, fracture and fatigue properties of 
textured aluminum alloys are strongly dependent on the anisotropy of plastic deformation 
at the crack tip. Most of the approaches in engineering design dealing with these cases 
consider the simplifying assumption that the plastic behavior is isotropic, and include 
correction factors that will, implicitly account for the plastic anisotropy. This work 
proposes the modeling of these types of situations by completely modeling the plastic 
deformation that occurs at the crack tip.  
By analyzing crack tip plasticity at the two different length scales: a 
microstructural level using crystal plasticity theory and at a macroscale using two 
anistropic Barlat yield functions, major differences from the case of isotropic plasticity
have been found, which suggests that for a better characterization of the fatigue and 
fracture properties of materials, proper modeling of the plastic behavior at the crack tip is 















The main contributions of this work are: an extensive study of crack-tip 
anisotropic plasticity of stationary cracks, extensive study of small crack growth in single 
crystals, study of small crack growth at grain boundaries and clarification of the grain 
boundary influence on the crack growth, an extensive study of crack tip plastic anisotropy
in texture aluminum alloys.  
It is widely acknowledged that, in the incipient phases of fatigue, small fatigue 
cracks behave differently than long fatigue cracks. Also, many researchers acknowledge 
that it is of outmost importance a proper characterization of the small crack growth 
behavior taking into account the intricate influences of the micorstructure on the crack 
tip. The contributions of this work in the domain of small fatigue crack are: 
1. For the first time crystal plasticity has been modeled as a material user-plasticity
subroutine using finite element code ANSYS.  
2. Plastic slip localization at the tip of a small crack has been extensively studied for 
stationary cracks. It has been found that at the crack tip plastic deformation is localized in 
two shear bands, emanating from the crack tip, as opposed to the plastic zone for a long
crack, where the plastic strains are more uniformly distributed along different directions 
emanating from the crack tip. Plastic slip localization has been studied for stationary and 
growing cracks in middle-tension and single-edge specimens. 
3. Crack tip plastic zones and crack tip opening displacements have been analyzed for 
stationary cracks in single crystals (grains), and for cracks located in the vicinity of a 















characteristics of plastic deformation in a single crystal, were varied, the plastic zone size
ahead of the crack tip and the CTOD changed significantly. Analytical formulas of the 
plastic zone in a single crystal (grain), based on the elastic distribution of stresses, have 
been calculated and compared with the FEA results. The agreement obtained is excellent
for low stress levels, where the small scale yielding criteria applies, but they did not agree 
very well at stresses larger that 30-40% of the yield strength due to the large 
redistribution of stresses as a consequence of plastic yielding. 
4. From the FEA results it was also observed that shape and the orientation of the 
maximum extension of the plastic zone were greatly influenced by the crystallographic
angles.  
5. Grain boundaries reduce the crack tip plastic zone and CTOD of stationary cracks. 
The extent of the plastic zone in a neighboring grain was deviated when the orientation 
of the grain was altered and also when the slip resistance in the neighboring grain was 
varied. This behavior has been simulated and quantified by using FEA The results 
indicate that, when a crack is small and the plastic behavior of the material at the crack 
tip is not of an isotropic nature, crack tip fracture mechanics parameters vary which may
explain the fluctuations in growth rates commonly observed for small cracks growing in 
different types of microstructures.  
6. Fatigue crack growth simulations of small growing cracks in M(T) specimens using
crystal plasticity have been performed. As the crack extension took place, crack tip 













cracks were cyclically grown under two conditions: with crack tip plastic zones 
encompassed in a single grain, and with the plastic zone extending across a grain 
boundary. The transient evolution of the opening stresses and ∆CTOD were monitored as 
the growing crack passed the grain boundary. Both the slip angle along which the plastic 
slip occurs and the angle of grain orientation with respect to the applied stress impacted 
the crack opening stresses and the ∆CTOD. 
7. The opening stresses were shown to evolve and stabilize relatively rapidly (after 5 to 
10 µm of crack growth). Consequently, the well-known rapid crack growth associated 
with the small cracks cannot be entirely attributed to the absence of the fully developed 
plastic wake when the crack growth is on the order of hundreds of micrometers.  
8. The evolution of the opening stresses and ∆CTOD were simulated for a small crack
growing across a grain boundary in an M(T) specimen. It was shown that the relative 
orientation of the neighboring grain can decrease or increase the growth rate of the small 
fatigue crack in the vicinity of the grain boundary. Increased slip resistance in the second 
grain was shown to affect the opening stresses and the ∆CTOD, both when the crack tip 
has not yet reached the grain boundary, as well as when the crack tip is within in the 
second grain.  
9. Crystal plasticity theory has been applied to the characterization of small crack growth 
in a single-edge specimen used in a classical small crack experimental study using















displacements CTOD, as means of quantifying the crack growth rate, were monitored 
during the crack growth and the results were compared with the small crack data set. 
Crack growth rates were estimated using the predicted opening stresses the long crack
data from the open literature. Good agreement between the computations and the 
experiments were obtained.  
10. By varying the orientation of the crystal, the usual variability in small crack data was 
reasonably well simulated. The results indicate the potential of applying crystal plasticity
theory in order to replicate qualitatively the plastic deformation characteristics at the
crack tip of a small crack, as well as quantitatively simulate the variability of the crack tip 
parameters, such as Sopen, CTOD, and da/dN, instead of using the classical approaches 
that use correction factors to account for the plastic anisotropy of the crack tip 
deformation. 
11. Isotropic results of opening stresses and crack growth rates were produced using two 
strip-yield models and it was shown that the isotropic approach represents a good 
engineering model for the small crack regime.  
At macroscale, crack tip plastic anisotropy has been analyzed by employing
anisotropic yield functions (YLD1991 and YLD2000). The major results are: 
1. Two Barlat’s anisotropic yield functions (YLD1991 and YLD2000) have been 
successfully implemented in ANSYS finite element code by using a incremental 
















2. The FEA simulations revealed that the plastic zones and the crack tip opening
displacements are significantly different when compared with results obtained from
classical isotropic plasticity. This constitutes the explanation of different growth 
behaviors noticed in various textures.  
3. Four textures from 2024-T3 and 2026-T3 rectangular and square extrusions and seven 
ideal textures were analyzed. Some of the textures exhibited a highly anisotropic 
behavior, such as Brass, Copper and Goss, while others were very closed to the isotropic 
behavior. Different COD calculated with FEA reveal that these textures can have a very
different resistance to the crack propagation either by fatigue or rapid fracture. The finite 
element analyses were in agreement with some experimental results that showed a higher 
growth rate in the 2024-T3 rectangular extrusion than in the 2024-T3 square extrusion. 
FEA indicated that the crack tip plastic zones and COD in 2024-T3 rectangular extrusion 
were invariantly almost twice the values for the 2024-T3 square extrusion.  
5. From the finite element analyses it can be also inferred that texture does not play a 
significant role in deviating the crack path of a mode I crack. Analyses using 2026-T3 
rectangular and square extrusions did not indicate major differences with the isotropic 
case. However, 2024-T3 rectangular extrusion showed lower crack-tip sliding
displacements, fact that is in agreement with experimental results that indicated that this
texture exhibits a lower roughness of the crack planes and a tendency to keep the crack 











role in deviating the crack out-of-plane. Including the constituent particles into the FEA 
should further be studied to sustain this conclusion. 
6. For ideal textures such as Goss, Brass and Copper an intense strain localization of 
plastic strain similar to single crystal plastic deformation has been noticed when the
texture was subjected to stresses that made an angle of 45° with the rolling direction. 
7. Finite element results indicate that Goss and Brass texture have a better fracture and 
fatigue performance, results that seem to be in agreement with the US Patent 09/591,904 
on aluminum sheet products having improved fatigue crack growth resistance by Rioja et 
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α α α α α α α α
α α α α α α α α
Texture 1 2 3 4 5 6 7 8 
2024-T3 
Rectangular 
1.0158 0.961 1.0477 1.0697 1.0099 1.0325 1.0696 1.0268 
2024-T3 
Square
1.0211 0.9578 1.1018 1.1018 0.9895 0.9578 1.2189 1.0082 
2026-T3 
Rectangular 
1.0846 0.8207 0.983 1.006 1.0025 1 1.0976 0.9359 
2026-T3 
Square
1.0327 0.9345 1.0909 1.0909 0.9836 0.9345 1.1936 0.9581 
Table A3.1 YLD2000 coefficients for 2024-T3 and 2026-T3 extrusions 
Texture 1 2 3 4 5 6 7 8 
Brass 
{110}<112>
0.9424 0.8563 0.5545 0.8248 1.0523 1.0496 1.1695 0.8731 
Copper 
{112}<111>
1.2632 0.5974 1.1413 1.1485 0.9862 1.1202 1.3414 0.9440 
Cube
{100}<001>
1 1 1 1 1 1 0.7336 1.0600 
Goss 
{110}<001>
0.9487 1.0686 0.5299 0.4608 1.0194 1.0464 0.6746 0.9194 
S 
{123}<111>
1.0319 0.9239 0.9910 1.0211 1.0165 1.0542 1.1985 0.9303 
Table A3.2 YLD2000 coefficients for ideal textures 
Texture c1 c2  c3  c4  c5  c6 
2024-T3 
Rectangular 
1.0768 1.0055 0.9944 1.0475 1.0577 1.0681 
2024-T3 Square 1.1033 1 1 1.0894 1.2105 1.2105 
2026-T3 
Rectangular 
0.9709 1.0285 0.9709 1.0681 1.0681 1.1117 
2026-T3 Square 1.0821 1 1 1.1117 1.2105 1.2105 




















Texture c1 c2  c3  c4  c5  c6 
Brass 0.8693 1.0649 0.9317 1.1842 1.0475 1.159 
Copper 1.1585 1.0367 0.9622 1.1842 1.3286 1.3286 
Cube 1 1 1 0.6895 0.6895 0.6895 
Goss 0.884 1 1 0.9392 0.7462 0.7462 
S 1.0204 1.0204 0.9793 1.159 1.1842 1.1842 









604.5 268.3 7.4733 Voce 
2024-T3 Square 703.3 274.9 14.11 Voce 
2026-T3 
Rectangular 
710.2 290.7 12.19 Voce 
2026-T3 Square 647.8 271.1 11.85 Voce 
Table A3.5 Hardening law coefficients for 2024-T3 and 2026-T3 extrusions 
(for the ideal textures coefficients of 2024-T3 Square have been used) 
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